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AB S T.kACT

The salinity structure of a tidal estuary fed by upstream fresh water
sources is an important factor of water quality. In addition, this struc-
ture is intimately related to the circulation of the estuary because of
density currents induced by the salt-fresh water relation.

Previous investigations in two and three dimensions have been limited
to extremely simplified geometrical and steady-state assumptions. One-
dimensional studies have considered the variable area case, but have been
limited to descriptive rather than predictive methods because of the diffi-
culLy of handling the downstream boundary condition for the one-dimensional
salt balance equation and because of the necessity to specify a longitudinal
dispersion coefficient based on field data for the estuary being studied.

this study presents a predictive numerical model of unsteady salinity
intrusion in estuaries by formulating the problem in finite-difference terms
using the one-dimensional, tidal time, variable area equations for the
conservation of water mass, conservation of momentum and conservation of
salt. Tidal time means a time scale of calculation larger than that de-
fining turoulence, but much smaller than a tidal period in order to cor'-
rectly represenL the tidal acivection within a tidal period. The tidal
dynamic equations are coupled to the conservation of salt equation through
a salinity � density relationship, and the ocean boundary condition for salt
is formulated in a manner which depends on the direction of flow at the
entrance to tne est.uary.

The longitudinal dispersion coefficient has been shown to be pro-
portional to the magnitude of the local, time � varying longitudinal salinity
gradient, and this constant of proportionality has been shown to depend on
a dimensionless parameter which expresses the degree of vertical stratifi-
cation of tne estuary. This relationship has been established for a wide
range of stratification conditions.

The mathematical model has been verified using data from the Water-
ways Experiment Station salinity flume and field data from the Delaware,
the Potomac, and the Hudson. By specifying initial conditions, fresh water
hydrographs, and tidal elevations at the ocean, it is possible to predict
the time-varying salinity using this model.
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I. Introduction

l. 1 The Tidal Estuar Definitions

Definitions of estuaries are very broad and include almost any

body of water which joins the ocean at the coast. Usually an estuary

is defined by the fact that a land mass confines it in some way; for

example, a ~arine biologist may consider salt marshes estuaries.

However, for the purpose of this study additional restrictions vill

be imposed upon this broad definition,

This study is concerned with those bodies of water which are

connected to the ocean at one end and fed by sources of fresh water

as the water body's boundaries extend landward. The behavior of the

estuary in terms of circulation and salinity is dependent upon many

factors, but principally upon the tidal variation at the ocean, the

estuarine geometry, and the inflows of fresh water.

The circulation in such a tidal estuary is three-dimensional

and is complicated by the fact that as fresh water enters the estuary

it is lighter than the water coming from the ocean and consequently

a tendency to stratify is inherent, Thus the circulation and salinity

regimes are intimately related and a detailed investigation of one

by necessity involves the other.

Fortunately, it is possible to take advantage of the distinct

characteristics of individual estuaries and to introduce certain

assumptions about their behavior, thus making the study of the salin-

ity regime and the circulation possible, These assumptions also serve

as a means of classifying individual estuaries. Pritchard  l955! has



classified estuaries in terms of steady-state considerations of the
principal advective and dispersive transport processes.

Starting with a three-dimensional representation of e salt

era ed-balance equation, one can write for the steady-state, time � av«a
over-a-tidal-cycle condition:

r IBs � Bs Bs B Bs B Bs ~ ~s l-lu � +v � +w � = � e � + � e +~ eBx ay az Bx x Bx By yay az

where the time-averaged � over-a-tidal-cycle quantities are:
l! u, v, and w, the fluid velocities in the longitudinal >

vertical and lateral directions x, y, and z,

2! s, the local salinity at coordinates x, y, and z, and
3! e, e, e, the turbulent diffusion coefficients for 'this

time-averaged equation.
In the case of a laterally homogeneous, highly stratif ied

salt � wedge situation as produced by small tidal action vith respect
to strong fresh water discharge, Pritchard shovs that the salt balance
Equation l-l can be approximated by

Bs - asu � + v � 0
Bx ay

 L-2!

Thus a classification of type A is assigned to the salt wedge type as
shown in Figure l.la. As the tidal action increases in proportion to
fresh water discharge, the salt-fresh interface of the type A estuary
breaks down and the vertical transport of salt becomes important . Ln
mathematical terms Equation l-l is uow approximated by

-10-



Note: Circulation represented is time-aver ga ed over a t idal cycle.

 a! Type A

 b! Type B

 c! Type C

 d! Type D

0 C E A N

0 C E
A N

0 C

A

Salt wedge, stratified.
.Weak tidal action and

strong fresh water dis-
charge.
Laterally homogeneous.

Moderate stratification

or partially mixed.
Laterally homogeneous.

Circulation due to
Coriolis effects.
Vertically homogeneous.

Well mixed.
Vertically and laterally
homogeneous.

Pritchard sd's Classification of Estuaries

Figure l. 1
-11�



3a 3

u � � e
�-4!

and the estuary called type D  Figure l.ld!. In the case of a wide

estuary not laterally homogeneous, but vertically hanogeneous, the

Coriolis effect may produce a lateral salinity gradient. Under these
conditions Pritchard approximates the steady-state by

� 3s � 3s 3 3su � + w � ~ � e
3x 3z az z az �-5!

and designates the estuary type C  Figure l.lc!.

This study pertains to estuaries wherein lateral homogeneity
is assumed, but where vertical homogeneity is not necessarily present.
i««ms of Pritchard's classification, this study treats class B
 p t«lly mixed or moderately stratified! estuaries with class D
being included as the limiting case. The degree of stratification
vhich can be treated by the method to be described in this study is
difficultcult to establish a priori, because the accuracy of the m
vill decdecrease as stratification becomes extreme. The results described

-12-

and the estuary is called type B  Figure l.lb!.

As vertical mixing reaches the point where the estuary is both

vertically and laterally homogeneous the downstream advective flux be-

comes balanced by an upstream dispersive flux. Equation 1-1 is approx-
imated by



Chap ter 7 show that class 5 estuaries haye been successf ully treated.

It is not intended to treat class A or wedge type estuaries.

1,2 predominant Influences on Salinit intrusion

The geometry of each estuary has its effect on the circulation

and salinity distribution; however, given a particular geometry, the

two primary factors influencing the salinity intrusion are the time

history of the fresh water inflows and the range and mean tidal eleva-

tion at the ocean entrance. The manner in which these two boundary

conditions determine the time varying salinity distribution is the sub-

ject of this study.

Cohen and McCarthy �962! have made observations of the salin-

ity distribution in the Delaware Estuary, Figure 1.2 shows the inter-

relation. between the source of fresh water and the source of salt

water in the Delaware. July, 1954 was a period of low f resh water flow

for the Delaware as indicated by the fresh water inflow hydrograph

of Figure 1.2. The effect of this long period of low fresh water dis-

charge is clearly demonstrated in terms of the maximum and minimum

chlorides which show the salinity front advancing upstream. As an

example of the effect of the tidal elevation at the ocean entrance,

Cohen and McCarthy point out that the peak chloride on October 15 was

the result of an abnormally high tide as reflected in the mean river

level. peak for the same day. In general there is a quick response to

the ocean boundary condition as in the October 15th peak, and a slower

respon.se. to changes in the fresh water discharge boundary conditions

as evidenced by the gradual increase of salinity during the July low

-13-
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flow period ~

1.3 Descri tions and Predictions of Salinit Intrusion

Tn the most general sense a description or prediction of the

salinity intrusion would be in terms of the salinity at all points in

the estuary at any time ' t . Such a three-dimensional specification

is beyond the state of the art at this time. Even two � dimensional

studies in which the salinity varies in the longitudinal and vertical

directions have been restricted to descriptive mathematical models

limited by steady-state assuroptions, simple geometric configurations,

and simplified boundary conditions. Thus descriptions and predictions

of salinity intrusion have been primarily li~ited to the one-dimensional

formulation wherein salinity at a longitudinal position 'x' is assumed

to be representative of the entire cross-section.

To predict the salinity distribution in a tidal estuary the

one-dimensional salt balance equation in tidal time becomes the appro-

priate mathematical model. The expression "tidal time" refers to a

time scale much less than that of a tidal cycle but greater than that

defining turbulence  for example, a time scale of the order of minutes

in the case of a 12-hour diurnal tide! . The one � dimensional tidal time

salt balance equation for a variable area estuary, which will be dis-

cussed in detail in Chapter 3, is'.

�-6!

where

� 15-



s x,t! is the salinity representative of the-. entire cross-
section at. x,

u x,t! is the cross-sectional average longitudinal veloci y~
oci't

including tidal and fresh water components,
A x,t! is the cross-sectional area, and
E x,t! is the longitudinal dispersion coefficient.
In order to solve Equation l-6 by numerical or other techniq~~~

the variables u, A and E must be specified. The velocity, u x,t!
and

the area A x,t! can be determined only if the tidal hydraulics are
known ~ Such knowledge can be obtained by numerically solving
equations of continuity and momentum at the same time that one s»ves
the salt balance Equation l-6-

The longitudinal dispersion coefficient E x,t! must also be
specified in order to solve Equation I-6- Although E x,t! can be de
fined in terms of available hydraulic and geometric parameters f» a
completely mixed estuary, its definition in the partially mixed region
has Iong been one of the major difficulties in the study of salinitY
intrusion. Usually field data is resorted to in order to obtai~ some
estimate of E x,t! . Such studies are expensive and the results do not
make the mathematical model a predictive one because the solutions ob-
tained are valid only for the conditions under which the data was

ln earlier studies, the difficulties of dealing with the tidal
motion were circumvented by the development of two basic simplifications
of Equation l-6, both of which replace the tidal time velocity, u, by
a non-tidal advective velocity uf, this latter velocity being the

-16-



average fresh water velocity during the tidal cycle.

The first of these sfnpfifications is obtained by a~vera in

uation 1-6 over a tidal c cle. The resulting equation is

!S Bs 1 8 TA- as+ u � = � � E
3t f 3x A 3x Bx �-7!

The second simplification of the tidal time salt balance equa-

tion is obtained by the slack tide a roximation. This approximation

assumes that, at a time near that of slack water, the salt balance in

the estuary can be described by

gs Bs 1 3 SL 3s+ u � = � � E A�
at f ax A ax 3x

�-8!

wherein the salinity s x,t ! is the salinity at slack tide, A x,t>L!
SL

is the area at slack tide, and E  x! is a new dispersion coefficientSL

-1 7-

This is similar in form to Equation 1-6 but the velocity is no longer

in tidal time but is uf, the average fresh water velocity during the

tidal cycle and the salinity, s, is the salinity of the cross-section

averaged over a tidal cycle. The area, A, being averaged over a tidal

cycle, no longer reflects tidal variations in the water surface. The

TAdispersion coefficient E  x! is not the same as the E x,t! of Equation

1-6 and is not equal to the average value of E x,t! over a tidal cycle.
TAln fact, the E  x! distribution must be determined by fitting solu-

tions of Equation 1-7 to known physical data in terms of time-averaged

salinities.



which must be determined from physical slack tide data and is neither

TA
related to E  x} nor to the E x,t! of Equation 1-6. The similarity

of the slack tide approximation to the average. over-a � tidal � cycle

approximation is easily seen by comparison of the two Equations 1-7

and 1-8. This similarity does not imply that the dispersion coeffi-

cients are in any way related. In fact they are quite different as is

shown in Figure 1.3. This figure was constructed by backfiguring th~

dispersion coefficient E x! from data presented by Stigter and Siemo~

�967! using the time-averaged-over � a-tidal-cycle, the high water

slack, and the law water slack salinity distributions . The dif f erenc-e

exhibited points out the problem of relating continuing studies of

particular estuary to previous dispersion coefficients. If the assurnp-

tions of such studies are not consistent, the dispersion coeffici.ents

resulting from one study will not be valid in terms of another.

The elimination of the direct effects of tidal motion by the><

non-tidal approaches has simplified greatly the mathematical ~odelt

however this simplification has introduced additional difficulties and

restrictions-

The requirement of a boundary condition on salinity at the

ocean end of the estuary is especially difficult using these approac-+'+s.

First of all, under the time � averagemver-a-tidal-cycle approach one
sim lp y oes not know the salinity or enough about the salinity to

specif thiy s boundary condition. Consequently, applications have re�

quired measurements of the salinity at the ocean boundary, or
tical redicp tions der'ived from such measurements, thereby making the
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mathematical model descriptive rather than predictive in nature.
er

the slack tide approwimation, the specification of salinity at the
ocean boundary is still unresolved. In the low water slack case,
has no knowledge as to what the boundary salinity might be. In the
high water slack case it is reasonable to assume it to be the ocean
salinity, but then the problem becomes that of defining where the b~~
dary salinity is located. Figure 1.4 illustrates the problem of sp<<
ifying the salinity ocean boundary condition for the three cases'.
Water Slack  LWS!, High Water Slack  HWS! and time-averaged~ver-a
ti.dal-cycle  TA! .

Salinity Oc
Upstream

ance

Typical Salinity Distributions
for Three Assumptions

Figure 1.4

-20-



An additional restriction on the, use of the. non-tidal time

approaches is the inahility to represent the effect of variations in

the amplitude of the tide at the ocean entrance. Even changes in the

mean sea-level elevation would require additional knowledge of the

tidal hydraulics in order to incorporate the effects into the mathe-

matical model. Thus studies of the transient behavior of the estuary

which include the effect of the varying ocean elevation are not poss-
ible under these simplif ications.

l e4 Ob ectives and Summary of This Stud

The objective of this study i.s the development of s predictive,

one-dimensional mathematical model for the transient salinity distrib-

tuion. Th.is is accomplished by means of simultaneous finite differ-

ence solutions to the tidal time salt balance Equation 1-6 and to the

continuity and momentum equations which define the tidal motion. Coup-

ling between the salt balance equation and the momentum equation is

i~eluded by means of an equation of state relating salinity and den-

sity- The ion.gitudinal dispersion coefficient is assumed to be pro-

portional to the local longitudinal salinity gradient. The coefficient

of proportionality is related to a stratification parameter involving

'the gross tidal and fresh water discharge properties of the estuary.

lt has been found that the boundary condition on salinity at the ocean

entrance can be specified by using one condition during the flood tide

and another condition during the ebb tide-

The resulting mathematical model, as solved by a finite-di.ffe-

ence numerical technique, can be used in a predictive manner f»

-21-



transient conditions of. ocean surface elevation and time-varying fres$
water discharges. Steady-state studies are also possible inasmuch s,
they represent cases of repeating ocean surface elevations and co�s~<<
fresh water discharge. The results produced by the mathematicaj
are salinity, water surface elevation and discharge as functions of
longitudinal distance and time. The salinity results can also be
obtained in terms of high water slack, low water slack or time-averagep
over-the-tidal-cycle salinity distributions should they be desired.



II. Review uf Previous Investi ations

2.1 Tidal Frism Relationshi s

Ketchum �951! has presented an approach to the steady state

salinity intrusion problem based on div jding an estuary into segments

whose lengths are equal to the average excursion of a particle of water

during the flood tide. Complete mixing is assumed within each segment

at high tide, and exchange coefficients are based on this assumption.

As a result of the complete mixing assumption this method is limi.ted

to steady-state studies of estuaries where the well mixed condition

is approached. Lstuaries of this type are characterized by very large

ratios of tidal prism to fresh water discharge and are a rather limited

class as compared to the pat'tially mixed estuary so common to the

Atlantic coast of North America.

2.2 Stead State Investi ations

Arons and Stommel �951! used a time-averaged-over-a-tidal-

cycle approach  Equation 1-7! for an estuary of rectangular cross-

section and assumed that the longitudinal dispersion coefficient was

proportional to the product of the tidal excursion length and the maxi-

mum tidal velocity at the entrance. The steady-state equation is

,TA
where E ~L u, the tidal excursion times the. maximum yelocity

0

at the entrance.

Integration of Equation 2-1 yielded a solution for the salinity



salinity flume tests conducted at tbe Materways Experiment Station
 MES! the fo! y found that they could predict tbe salinity distributions
when the dis ersiop n coef ficient in Equation 2-1 is expressed»
inverse function of x:

LQS
LVS

 x! x+ B �-2!

where x ~ 0 defines tbe ocean boundary. lt is of interest at

the distance parameter, B is ier,, is in reality a means of handli"g
lem of specifying the ocean bo

o dary co ditio n, B is
ward from the boundary, x = 0, to

, x = to a point where s
0

-24-

distribution as a uncs a function of two dimensionless 1s-

tance parameter, aneter and dimensionless parameter called

b ". As menttoned in Section l. 3, the ocean bounder .

be specified under these conditions except

g . he results are applicable only to steady-stat d

be approximated by a constant rectang l

section, but of special interest is the use of the flushing number

which is a function of fresh water discharge, tidal amplitude, depth

of the channel, tidal period and total estuary volume. This flushitt~

number was proposed as a possible means of classifying estuaries.

happen and Harleman �96I! made an analytical study of salinity

intrusion for the case of an estuary of rectangular cross section

which took into account the tidal hydraulics inasmuch as the low <at~~

slack salinity distribution served for predicting the distribution at

any other time during the tidal cycle. By analyzing twenty different



slack.  ~Vote: Tbe time-ayeraged equation is said to be applied for

the low water slack salinity distribution, thus this is really a slack

tide a roximation.! Although this approach thus provides for the

ocean boundary condition it now leaves the parameter B undetermined,

but with the possibility of being correlated to stratification condi-
tionals

One integration of Equation 2-1 yields

LWS Bs- u s E
f  x! Bx �-3!

LWSA second integration with E specified by 2-2 yields
 x!

f 2exp ~ � �,  x+ B!
~WS �-4!

0

It was found that the parameters E and B could be correlated with aLWS
0

stratif ication number, G/J which is defined by the following ratio:

G rate of ener dissi ation er unit mass of fluid
J rate of potential energy gain per unit mass of fluid �-Z!

lppen and Harleman have effectively made use of an analytical solution

for the tidal hydrauIics to provide a means of shifting the low water

slack salinity distribution  Equation 2-4! so that distributions at

other times throughout the tidal period can be found. The expression

ship in terms of the correlation of the two parameters B and E . TheLWS
o

basis for this G/J relationship and the experimental work which leads
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for the dispersion parameter g, aa given. by Equation 2-2 has reform�,LWS
 x!

ulated the problem of ocean boundary condition and dispersion relation�



re described b IPPen et
to its use as a stratification parameter are
 I96p! and Harleman et. al �961! - Figures 2 1 and 2. 2 s

2.2 show the corV
I&tion obtained by Lppen and H rlman in th ir study of

d o f the salinit3'
flume tests.

Although the correlation of dispersion coefficient
t with. the.G/J parameter provided a means of predicting salinity distri

li-
fo' a significant range of different fresh water flows and tida
tudes, the parameter itself is not a convenient one

uariesas the rate of energy dissipation is not simply obtained.
In addition, the method is limited to steady-state salinity

distributions produced under conditions of constant fresh water infl>
in estuaries of constant cross-section. Harleman and Abraham �966!
re-analyzed the W.E.S. data using the low water slack condition and
the dispersion relationship of Equation 2-2 and found that a dimens<o~
less parameter consisting of the tidal prism, Froude number  based
maximum tidal velocity at the ocean!, fresh water discharge and tidal
period was uniquely related to the stratification number G/J-
parameter, called estuary number is defined:

P IF 2
T 0
g T

where

P ~ tidal rit p am, defined as the volume of water entering
the estuary on the flood tide

uIF ~ Froude number, ~0

u being the maximum floodigh
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velocity, h being the depth evaluated at the ocean

g ~ fresh water discharge
f

T ~ tidal period.

Harleman and Abraham reformulated correlations of E B in terms ofLWS
0

this new, more easily obtained estuary number; however an additional

parameter �,  tidal amplitude/depth at the ocean! was required in th~
LWS

correlation of E . These correlations are:0

1.2
K .7 P

0.055� �-7!

0.2
P IF2mB 0 70 t' 0

uT qT0
�-8!
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An analysis of Rotterdam Waterway field data was successfully per-

formed using this appzaoch. These studies resulted in practicaI. solw-

tions for steady-state salinity intrusion for the case of constant

geometry. lt seemed reasonable that simi.lar analytical techniques

could be at'tempted for cases of variable area when this variation cowed

be expressed in a simple form which permitted integration of the sal~
balalance equation. However in studying an exponential area variation,

Eronini �968! found that different estuaries did not substantiate

a general relationship sufficiently. For a particular variable area

estuary, predictions of steady-state distributions based on information

pertaining to one condition of stratification were developed  Harleman
and Hoopes, 1963!, but without any indications that the techniques



could be applied in a predictive manner to other estuaries.

any case steady-state analyses impose definite limits with

respect to prediction of salinity intrusion . Steady-state analyses

are ] imited to conditions where an estuary is indeed in a quasi steady-

state condition. This requires that both ocean tidal ranges and fresh

water discharges remain relatively the same for a time period of the

order of at least a month for most real estuaries. If salinity data

is available at the end of such a period, steady-state analyses can be

applied by back-calculating the dispersion coefficients using Equation

2-3. This dispersion relationship is valid for the conditio~a of f resh

water discharge and average tidal range for which the data was taken,

any extrapolation to other conditions is not justifiable without more

data. Ward and Fischer �971! have pointed out the limitations of the

steady-state approach in their commentary on two papers by Paulson

�969, 1970! wherein they show that estuaries respond very slowly to

changes in fresh water discharge, and that this response varies with

location. Paulson appeared to have gathered salinity data correspon-

ding to particular ranges of fresh water discharge in an effort to

correlate longitudinal dispersion to fresh water discharge. The fact

that the fresh water discharge was within a particular range does not

imply anything as to whether or not a steady-state condition existed

when that data was taken, consequently dispersion coefficients back-

calculated on the basis of the steady-state assumption may be in error.

2,3 Kixin Parameter A roach

Preddy �954! took a different approach in representing the
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s x! A x! P2 x! dx
L

-L

+ s x! A x! P  x! � dx = g Ts x! + SL+x

1 L f

L

L
A x! Pl  x! � dx = 0L+xA x! P  x! dx

L �-10!

where s x! is the average salt concentration during the period of time
T, and S is the net change in salt upstream of the point of interest,

Preddy used long term average salinity and fresh water flow

data for the Thames  I January to 18 December! to permit the calcula-
tion of mixing parameters P  x! and P  x! by Equatiorrs 2-9 and 2-10.

1 2

The L in this formulation is to be specified, a priori, as a length
over which the mixing takes place, and is of the order of the excursion
length.  Preddy took 9 miles in his Thames study.! Having derived
the mixing parameters P  x! and P  x!, he then shows that one can pro-
ceed to calculate new salinity distributions in time by a two step pro-

mixing which takes place in a tidal estuary. He assumed that at some

point, x, along the estuary a unit amount of water would be distributed

in the fallowing manner during sorrre time T. A proportion P  x! is dis-
1

tributed uniformly seaward, a proportiorr P  x! is distributed uniformly
2

landward, and a proportion 1-P  x! - P  x! remains at location x 8
1 2 n x. y

applying the laws of conservation of salt and conservation of total
mass Preddy derived the following integral equations.



cess of: �} displacing the water to al.low for the natural flow and

�} calculating the new salinitiea at a ruzuher of points by numer ical

integration of the expression:

s  x!A x!Pl  x!
dx

s  x! A x! P  x!
- � dx

L

1
A

s  x! A  x! �-P  x! � P  x!
2
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The period of time, T, for this two step process is greater

than a tidal cycle classifying the method as time varying, but averaged

over a tidal cycle. By using a T of two tidal cycles Freddy predicted

salinity distributions in the Thames Estuary at a time l4 days after

a prescribed initial condition. Although the results were good for

this particular case it is important to realize that the method is

based on the assumption that mixing in an estuary is primarily a func-

tion of distance, and of some length L, and that thi.s assumption ignores

the effect of changing degrees of stratificatio~ which accompany

changes in fresh water discharge. Furthermore the predictions for 14

'Idays represents a short period of time in terms of an estuary s res-

ponse to changes in fresh water flow and consequently, as compared to

a period of about two months, the two-week prediction may show only

that advection is the most important mechanism to be modeled. Finally

it should be noted that a model of mixing which is ~onl a function of

location  x! is not a good representation of a process whose driving

force is the salinity regime which itself is almost never stationary,



Pritchard �959! and later Bofcourt �969! have used an
'averaged-over-a-tidal-cycle" approach of Equation 1-7 which written
in a similar form ia:

A38 + Q Ws ~ ETAA-~8
at f ax yx �-12!

A di cuss~ in Section 1-3. the th average over a tidal cycle has
produced the following changes: �! it has changed the convection teria

-32-

but on the contrary extremely mobs.1e.

oro �969} has followed the. basic philosophy advanc
preddy but he has shown that the mixing process ca»e repr

uusing an application of Markov chain theory. By employing
entropy" principle, Di 'Toro releases the method from Preddy s p r iori

L as a means of characterizing the mixing. The basic ass~pt«n
mixing is a function only of location has not been changed, h «ve
so 'that even though the characterization of the mixing processh s been

placed on a more rational basis, it is none the less subject to
drawbacks of not reflecting changes in the stratification and in th
location of the salinity region itself. It is also unfortunate t»t
the boundary condition used by Di Toro in applying his method
Delaware River Model Test data was taken from the same distribution
which he wished to derive. This was apparently due to absence of sal
inity data for the downstream regions, an unfortunate situation, but
quite realistic, aa interest in measuring sal.inity is rarely downstre~
near the ocean.

2.4 Unatead A roach But Time-Ayers ed Over a Tidal C cle



to one which contains the f resh water discharge, rather than the instan-

taneous di.scharge; �} the area, A, is no longer a function of tMe;
TA�! the dispersion coefficient E now includes the effect of the

e averaging process. Also the effect of variations in the ocean

tidal elevati.on cannot be accounted for as Equation 2-12 is uncoupled

frcm the tidal dynamic equations.

Pritchard �959! studied the longitudinal distribution of sal-

inity in the Delaware Estuary as a function of time by using this time-

averaged-over-a-tidal-cycle version of the one-dimensional convective-

diffusion equation.

Using the Delaware River model data for steady-state conditions

at flows of 16,475 cfs, 10,600 cfs and 5000 cfs he derived corresponding
TA-

values of E A from the steady-state Equation 2-3. Based on this in-

TA-formation a correlation formula was derived to relate E A to distance,

x, and to f resh water flow, Q . The boundary conditions f oz a year' s

simulation were taken as fixed values of salinity at the ocean and at

the upstream end. Using an implicit finite di,fference scheme, the res-

ponse of the Delaware waa simulated for different fresh water flow

schemes on a weekly time spaci.ng for 52 weeks.

This study was made primarily to compare the effects of differ-

ent modifications of river inflow, and for this purpose has achieved

However, the method does not present a complete solution to

the prediction of longitudinal salinity for the following reasons'

1! Zt depends upon knowing, first of all, the manner in

which the dispersion coef f icients  time-averagedmver-

� 33-



a-tidal-cycle! varies as a function of river flow. To know suc
such a

relationship implies having already available enough steady-stat~
data so as to construct this correlation.

2! It requires a knowledge of the downstream, or ocean b~~
dary, salinity which is really part of the solution. For Pritch~<~rd 's

study, assuming it to be constant, seems justified as he was maker 5
a comparison and also because he had data enabling him to schema<~

Tand predict B A all the way to the ocean. There are seasonal vier<~
tions even in the ocean salinity, however, and these were not taken
into account

3! A complete study including the effect of tidal conditiaa>
is not possible due to the time-averaged over a tidal cycle ass~
Cion. Both Che mean tide elevation and the high and low stage~
important factors when studying transient salinity distributions
has been brought out by Cohen and PfcCarthy �962! and Keigh«n
�966! .

Boicourt �969! has applied this same technique to a ««3'
of the salinity of Upper Chesapeake Bay. instead of using
state salinit data to derio erive R values he had an entire year
salinity records which he t'h he then interpolated to even intervals,
integrated Equation 2-12 and obtained:

TA

�-13!8x

wherein the a is an averaged-over-th - i
e-t dal-cycle salinity ~
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From the values of E A obtained for that yearTA-

la was developed, to e+press ETA ion of

x and of fresh water discharge. As the seaward boundary

was not at the ocean a separate model was developed whic+

porated flow history into a statistical predictor model

downstream boundary salinity.

TA-Apart from the development of the E A correlation and the

seaward boundary condition treatment Boicourt's method is

tially the same as Pritchard's. In tois application the diffic"lties

of obtaining applicable dispersion coefficients and appropriate

boundary conditions are pointed out. In fact one might question the

use of the boundary predictor model from the point of view that this

procedure could gust as well be used to predict salinity at all

points in the Upper Chesapeake without using the convective-dif fusion

equation. What has in fact been done is that part of the solution

has been predicted on a statistical basis and the rest of the solu-

tion [the interior points] developed using a mathematical model of

the convective-di f f usion equat'ion.

2.5 Studies

The term quasi steady-state is applied to a tidal.

situation in which the tidal amplitudes and fresh water discharges

repeat themselves from tidal cycle to tidal cycle, thus c:reating

a time-varying salinity distribution which is repeating .

Stigter and Siemons �967! used the salt balance

and the tidal dynamics equations in coupled form to study
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taken as a function of x, the form being:

E~ E �- x/L! 3
0 �-14!

The E values were determined by fitting the available data ~
AIthorrgh 'this relationship of the dispersion coeff icient

was well adapted to their particular descziptive study, there
reason to expect that it could be applied generally. Any re»tzt zz
ship for the dispersion coefficient which is a function only of
limited to a particular condition of fresh water discharge and t id8l
action . In real estuarieses these conditions are always changing arid

-36-

salinity intrusion in a constant width representation of the Rohe Rot. tel'

dam Waterway. The solution of the equations was achieved through
a finite-difference nuraerical model.

They showed that including the effect of density differazzce>

the tidal calculations has a definite effect on the tidal elms

tions. This has later been showrr for a one-diraensional, variable-'

area study of the estuary of Haracaibro by Fisher et al �970!

applied the tidal-time tidal dynamics equations .

Stigter and Siemons' ocean boundary condition on the saIt

balance equation was a complete specification of the salini.ty at
this boundary for all points in time during the tidal cycle. Ka~
ledge of this boundary condition is usually unavailable and con>~
quently application of this model is limi,ted to descriptive study'~
where the ocean boundary salinity is known.

The dispersion coefficient relationship foz their study



variable geometry will. complicate these changes even further.

2.6 Unsteady prediction of pollutants in Well � mixed Estuaries

Harleman et al �968! have used their numerical tidal

to provide the unsteady discharges and areas required for solution

of the unsteady one dimensional mass balance equation for a non-

conservative pollutant. They have shown that in the fresh mater

region of the estuary the dispersion coefficient can be expressed

by a relationship in terms of the cross-sectional velocity u.

IIanning's 'n', and the hydraulic radius. This relationship was

obtained from Taylor �954! who experimentally verified the following

expression for the longitudinal dispersion coefficient p for steady
uniform flaw in pipes:

�-15!E= 10.la u*
T

S/6
77n uR �-16!

The unsteady pollutant distribution was studied using " raathematical

model of the mass balance equation. This work has been continued by

Lee �970!, and has included the simulation of salinity intrusion

by assuming a dispersion coefficient relationship as a function of z

Although such a technique can be useful. in quasi steady-state studies

where one has data available to make some dispersion coefficient
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where a is the p'pe radius and u* is the friction velocity. Harleman

�966! has shown that the relationship of Equation 2-15 can be

written in terms of the hydraulic radius, R�, average veloci.ty,

and Hanning's 'n' as



correlation possible, predictive studies for varying fresh eater
flops and tidal conditions are not poss ib l e us i n g t h is model .
2.7 Other Studies

Shinohara et al �969! developed a numerical technique for
the prediction of quasi steady-state salinity distributions in weII.
mixed estuaries vhich employs a very innovative technique which
alloss him to simplify the advective term of the salt balance equa-
tice so that it contains,not the tidal velocity which varies from
maximum ebb to maximum flood, but only the net seavard velocity
during the tidal cycle. By fixing as an origin a point upstream
shich can be called the end of the estuary, the total volume of
eater from that origin to a section x is defined by:

A x,t! dx
�-l t!

u a QI

A f Bt
�-18!

Shihohara then tr fo
ans orms the independent variable x to 4 and theresulting salt balance equation bee~a

whichch is solved in finite difference fo
'this trans f ormatirmation the salt balance equation istransformed to a form ~hi h

c ontains a constant  or relativelyc~ tant! advection coefficient f ~8
c ent of ~ instead of the tidal discharg

The mean cross-sectional velocity u can be written in terms «+ by'



u x,t!. The effects of changing elevations and velocities are incor-

porated in the transformed variable + thus this method is still tied

to the time-varying tidal hydraulics. Relationships are assigned to
2

A E for fully mixed estuaries assuming E proportional to the pro-

duct of mean tidal velocity and hydraulic radius as in Equation 2-16.

The seaward boundary conditio~ is kept at a constant ocean

salinity at the location x and whenever the + becomes located
0 o

seaward of. this point all segments seaward of x are set to ocean
0

salinity r uring the solution of the finite difference equation .

This method implies the knowledge of the quasi steady-state

tidal elevations so as to evaluate V x,t! by Equation 2-17, conse-

quently when this information is easily obtainable from tidal records

or easily calculated due to simplified geometry, the method is

readily applicable. The method could be extended to transient

studies if the transient dispersion coefficient relationship could

be determined and if a separate numerical model were used to provide

the volumes + x,t!, At this point, however, it would be simpler to

set the entire problem in finite difference form without transforming

variables, thus gaining the ability of coupling between the salt

balance equation and momentum equation through the longitudinal

density gradient.

Dornhelm and Roolhiser �968! recognized the need for a tidal-

time mathematical model of estuarine water quality which included time-

varying boundary conditions. After restricting the geometry of a typi-

cal estuary to that of a linearly expanding width and a uniform bed

-39-



slope, they formulated the equations of continuity and momentum, without

the effects of the density gradient, in order to model separately

tidal hydraulics. These equations were then solved by a finite dif««no

technique. The salt balance equation was formulated under the same

ditions of geometry and with the assumption that the dispersion coef <<

cient was a function only of distance, x. This equation was also sol wed

in f inite di f f e rence f o rm.

The downstream boundary condition on salt was handled by extend-

ing the estuary into the ocean an arbitrary distance B, at which point

the salinity was specified as the ocean salinity, s . The necessity
0

specifying the dispersion coefficient distribution E x! categorizes

model as descriptive rather than predictive in nature. Unfortunate1Y~

in attempting to represent the Delaware Estuary the hydrodynamic anodal

became unstable and they were not able to verify their model under

approximate prototype conditions.



III. Definition of Problem and A roach to Solution

3. I Int ra duct ion

Previous studies have not resulted in predictive models for

salinity intrnsion for several basic reasons. First, a Fredtction

requj.res that the mathematical model be responsive to temporal vari-

ations in fresh water inflows and to changes in tidal amplitudes at

the ocean. Secondly, the ocean boundary condition should be repre-

sented in some fashi.on which does not require physi.cal data or sta-

tistical predictions of the variation in salin.ity during a tidal

period. Finally, there must be some way of representing the longi-

tudinaL distribution of the dispersion coefficient which removes it

from complete correlation to physical data for a particular estuary.

Such a representation should be generally applicable to any estuary

and should have governing parameters which can be evaluated from

readily available information on stratification conditions.

Although some of the studies reported in the previous chapter

have satisfied one or another of these requirements no one study has

developed a predictive model. This study presents a predictive

model of the saI.inity intrusion in a tidal estuary by developing a

numericaL solution to the one-dimensional salt balance equation and

tidal dynamics equations . The equations are coupled through an

equation of state relating salinity to density. As the tidal

dynamics are included, the variations in ocean surface elevation

are incorporated into the model as well as the variations in fresh

water inflows. The tidal. time approach permits a physically realis-



tic treatment of the ocean boundary salinity in two parts, depending

h ther the flow is entering or leaving the estuary. Finally,

wi1] be shown that by relating the local dispersion coef f ic«nt

to the local salinity gradient, the time and spacially varying

characteristics can be modeled with reference to a single parameteI

whose sensitivity to stratification conditions is expressed in ternLs
of gross properties of the estuary.

Figure 3.1 illustrates how the numerical model functions

tares of input and output quantities and in terms of the coupli.ng
of the tidal dynamics and salt balance parts of the overall numeric~i

.odel. The numerical techniques involved are those of finite differ
ences as applied to the tidal dynamics equations of continuity a«
momentum and to the salt balance equation. Before treating these
equations in detail certain definitions are presented with respect
to the schematization of the estuary to one-dimensional quantities-

Definitions and Schematization

The reduction of the three-dimensional tidal estuary to
one-diaeneion is accomplished by establishing a longitudinal axis

then dividing the estuary into segments of length, hx. Thenmd th

t"e complicated natural tidal and salinity characteristics must be'
represented in terms of simple geometric quantities . The following
~ re definiti ons of these basic quantities  with reference to Figure
3.2! .

1. V~ T t 1: the total volume of the segment of length hx.
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 a! Plan

MEAN WATER LEVEL

 b! Cross-sectional representation in
te"s of core and storage areas

 a! and  b! Schematization � Irre uiar Channels
~ith emba nts or stora e areas
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 c! Sche matization � Tra ezoid l
a annel

Figure 3.2
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Total' the representative area corresponding to the
V

V and equal to
Total

Total hx

3. A core ' that area specified as being the conveyance area
for the segment.

4. b : the width specified as that width corresponding

to the conveyance or core area.
A

the core depth, equal to
b

core

6. v
storage' that volume of the segment specified to be non-

participating in conveyance. It represents

embayments or areas which are shoal or remote

with respect to the main channel.

7. d': the average depth specified for the storage volume.

8. b : the width corresponding to V and d'
to g storage

~stoma e
d'Ax

9. b: the total width, equal to b + b
Total core storage'

It is inevitable that subjectivity will influence the

schematization process. The investigator must decide what portion

of the reach Ax will be storage and what part will be core volume.

Dace these decisions are made, the segment is schematized to the

cross-section shown in Figure 3.2b . The final quantities defining

the schematized segment are bT l, b , d' and d. ContinuityTotal' core'

is maintained by insuring that:

fb d+  b -b ! d'] b,x= V
core Total core Total

�-I !
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3.3

3.3,1 Continuit and Momentum uations

The derivation o f the unsteady continuity and momentum
equations has been made b y several investigators, for example Gilcr
�949!, Stoker 1957  !, Lai �965! and Harleman and Lee �969~.
derivation will not be re catee repeated in this study and the equations
derived by Harleman and Lee be r the tfaterfat method will be used as
the basta for mathematitall desa ca y describing the tida]. motion

+A mm 0ah a

!x �-2!

This schematization is compatible with that of I:ar lt man and Lee  ]9 9!

in as much as it represents an extension of their method. It is

important to def ine d in terms of the core area f I obd, because the

depth determined in this manner is representative of the depth over

which the tidal wave propagates. If the entire volume of a segment

 including embayment volumes! were divided by the corresponding width

times hx, the resulting depth may be much shallower and the propagati<g

of the tidal wave would be a poor approximation of natural conditions.

When storage is not an important consideration, a trapezoidal

schematization may be useful because of its ability to represent the

change in water surface width with depth. This condition is encoun-

tered in broad shallow estuaries. This type of schematization

 Figure 3-2c! is also provided for in this model. The rectangular

channel is a special case of either of the two schematizations ~



Momentum e uation

aO aO Vu aW
�- 3!

where:

b = total channel width  b !
Total

h = depth from water surface to a horizontal datum

Q = cross-sectional discharge   = A x u!
core

q = lateral inflow per unit length

u = average cross-sectional longitudinal fluid velocity of

conveyance area

g = acceleration of gravity
A

core
R = hydraulic radius ~

h b + 2 d+ n!
core

A ~ A , the cross-sect.ional area of primary flow
core'

q = surface elevation relative to local mean water level

C Chezy coefficient

3. 3.2 Momentum E uation Includin Densit Effects

Equation 3-3 has been derived under the assumption that the

effect of any density gradient is negligib>e. For this study it is

desirable to include the effect of the density gradient, and conse-

quently a modified derivation is presented, wherein the convevance

or core area is treated.

Yn the material method derivation of Harleman and Lee,

Newton 's Second Law is applied to a moving fluid element and the

resulting equation is:
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Bp
g ~x b'dz zb'dz

the term is seen to be

g, � d ABp
3x c

where d is the distance from the surface to the centroid of the
c

ap
cross section. When this expanded form of � is substituted into

Bx

Equation 3-5 and combined with the expressions derived for the other

terms one obtains:

ah BpF = -pg � AAx - g � d Adx
x Bx Bx c 2

h

�-8!

becomes;

Ad
Vn Sn a~ c Bp~+ u~+ q � + g � A+ g � � + ~- 0
a~ ax ax ax p 3x 2

h

�-9!

The Chezy coefficient, C, is expressed in terms of Manning's rough-

ness n by

C x,t! =   ! [R� x,t!]1.49 1/6 �-10!

thus permitting the natural roughness of the channel to be specified

as a function of x. The continuity equation, 3-2, and the momentum

equation 3-9 are solved by an explicit finite di.fference scheme

which is described in detail by Harleman and ' ee �969!,

3.3.3 Boundar Conditions

The boundary condi.tions for the tidal dynamics equations do

and the resulting version of the Momentum equation used in this study



n  Q,t! specified

Q  L�,t! specified, for open end case

or Q L,t-! = 0 for cloaed end case.

3.3.4 Initial Conditions

Specification of the dependent variables q and Q at all
locations at time t = 0 form the necessary initial conditions ~

n x 0! specified

Q  x,0! specified

At the start of the calculation n x,,Q! and Q x,Q! can be set to
arbitrary values, for example to zero, and five to eight tidal cycles

not present any unusual difficulties. It is necessary to know the
surface elevation as a function of time at the ocean end of

estuary. This is usually obtained from tidal observations or

tide tables. At the upstream end of the estuary the boundary condi-
tion depends upon the type of estuary. For an estuary of the
closed end type, that is one in which the tidal motion is terminated

by a dam or natural watez'fall, the specification of zero velocity
becomes the appropriate upstream boundary condition. The fresh wa«r
-inflow at the end of the estuary is treated as a lateral inflow '~n<o

the most upstream segment of the finite-difference model.

In the case of an open end estuary, the location of the

upstream boundary should be above the region affected by tidal motion.
The specification of the river velocity or discharge hydrograph
becomes the appropriate bonndary condition. These boundary conditi~
can be wriCten aa'



of ca1culation will provide convergence to the appropriate values in

the quasi steady-state case. In the transient case this calculation

will provide a convergent "lead-in".

3.4 Salt Balance Model

3.4.l Conservation of Salt uation

3.4.1a Three-dimensional Formulation

The following derivation is based on that of Holley and

Harleman �965! .

By considering an elemental volume Ax by d,y by Lz as shown

in Figure 3,4 one can formulate for the x direction:

as1Flux in = psu � pD � AzAym ax!
asl a ashFlux out = psu � pD � + � psu � pD � hx hzhymax! ax I m ax!

Net Flux = � �  psu! + �  pD � ] hxhyhza Vsl
Bx 3x I m Bx!

where,

u,v,w = instantaneous fluid velocity components in directions

x, y and z

p = density of fluid

s = instantaneous concentration of salt

= molecular diffusion coefficient.

By equating the rate of change of salt mass within the element

to the net fluxes in the three coordinate directions, one obtains a

conservation of salt mass equation of the form:



 ~! Tr~pezuidal drh~t azatz n

Geometry for Deriving Maaentum Equation
Figure 3.3

Dree Di mensiona j Qpntrog
Figure 3,g



B B
Bt

 ps! + �  psu! + �  psv! + �  psw!
Bx By Bz

pD � + � pD � + � pD
�-11!

To adapt equation 3-11 to turbulent flow one defines instantaneous

values of velocity and salinity concentration as equal to time

averaged values plus deviations;

u � u v=v+v'+ u' w w+w'

s = s + s', and a time average �-12!

of a quantity as t+r
q dt

B  ps! B � B � � B
Bt Bx

+  pu s! + �  pv s! + �  pw s!
By Bz

t 1 B r t+ �  pu's'! + �  pv's'! + �  pw's'!
Bx By Bz

pD � + � pD � + � pD �-13!

wherein the bar implies a time average.

The transport due to turbulent fluctuations is modeled by a

diffusive relationship analagous to Fick's first Law:

1 'I Bs
pu s = -p e

x Bx

Substituting these relationships into Equation 3-11 and aver-

aging over a period of time which is large relative to the turbulence

time scale, one obtains:



Bs
-p e

y By
pv S

Bs
-p e

z Bz �-14!pw s

re turbu]ent dif fusion coef f icients. Substi-where e, e, and e are u ux' y' z

tuting the relations ps o1 i hips of 3 � 14 into equation 3-13 yields;

d
� + �  pu s! + �  pv s! + �  pw s!
Bt B» By Bz

:I

Bx m» dx By
I

�-15!

3
Bt B»� + �  u Qs + �  v s! + �  w s!

By Bz

�-16!

3.4.lb s~ - ~atial Inte ration to One-dimensional Form
The derivati on of the one-dimensional salt balance equation

is obtained by spatiall av
y averaging the three-dimensional

3-16. Defining u and s as s t
as spatia1. averages and describing t"

-54-

As the turbulent diffusion coefficients are generally several

orders of magnitude greater than the molecular dif fusion coefficieats,

the latter are neglected. The density term p has very little varia-
tion even in estuary flow in as much as ocean sa] inity accounts for
only about a 2X increase in density from that of fresh water. Conse-

qoently it can be eliminated and one is left with a three-dimensional
convective diffusj.on equation for turbulent flow.



averages in terms of u~ s and spatial de

formulates

s ~8+a"u =u+u"

V = V w ~ w {3-1 7!

where

1 1
u = � udA and s ~ � sdA

A
A

gration can be found in Qkubo �964! and Holley and Harleman �965!.

The most general form resulting from such an integration is

3 As! ~3  s! 3 3 I
at ax ax x ex J�" ' �-18!

The work of Taylor �954! and of Aris �956! has shown that

for steady uniform flow and for s" much less than s; the spatial

average of u"s" is analagous to a dispersive process and can be

represented by a longitudinal dispersion coefficient, E, in the

equation

eA � � usdA=EA
Bs n

x Bx 3x
�-19!

As E» e the longitudinal dispersion coefficient E can now be given
x

a meaningful interpretation in terms of the dispersive flux

EA � = u "sgs
 !x

�-20!

and the one-dimensional salt balance equatio~ can be written

The expressions in 3-17 are then substituted into the three-dimensional

equation 3-16 and a spatial average taken. The details of this inte-



Total + ~g  s! a
at + a �-2l!

It is recognized that an argument could be made for using the

conveyance or core area A for the dispersive flux term in
core

equation 3-2l. By using A the dispersive flux through areas optTotal

included in the conveyance area has been provided for. Whether A
otal

or A is the more appropriate choice is undoubtedly related to tbpcore

particular estuary being schematized, and as advection is the primary
means of transport in tidal time studies it is doubtful that the

calculation would be very sensitive to the dif ference between the

two assumntions. lt ia pointed out, however, that the first term
 A... !

ls correct ~onl shen the total area Aat Total' is specified,

b ah a
at ax =

�-22!

By expanding the first two terms of equation 3-2l one obtains
+ as+ ~l ae a

Total

ar. zotel ~< ' + Q � -�
3x Bx 3x

�-23!Re erring to F1gure 3 2b one c~ aRef e

«e can show where q is the instantaneou~ster surface elevation with res t
respect to the reference water level ~

-56-

in as much as the salt content of the entire volume is referr««
in this term.

A simplified form of equation 3-2l is obtained under conditi~
of no lateral innf low. Under these conditions the continuity equatiop
�-2! becomes



1 b  d+ n! +  b � b ! d'+ n!

h z+d+n or h~z '+d'+n
b b

=b  h-z!+ b � b ! h � z '!
otal core b core b '

as

as z and z ' are not functions of

' rot 1
Bt

t ime;

b � +  b
Bh

core Bt
b ! � = b-Bh Bh

core Bt Br.

thus the first and third terms of 3-23 can be set equal to equation

3-22 because

1 Total +~B 1 b Bh ~~B

as

Bs Bs B I' as!
A � + Q � = � EATotal Bt Bx Bx I Total BxJ �-24!

3.4.2 Dispersion Coefficient Calculation

In the saline region of a partially mixed estuary the dis-

persion coefficient is closely related to the density induced circu-

lation which, due to the spatial averaging inherent in the one-

dimensional approximation, is represented by longitudinal dispersion.

is reasonable to assume that this density induced circulation will

be greatest in regions of strongest longitudinal salinity gradient,

Bs
and consequently the dynamic relationship developed in this study

Bx

for the dispersion coefficient is achieved by relating E x,t! to the

absolute value of the local salinity gradient.

-57-

and equation 3-21 is written for the special case of no lateral inflow



This relationship is formulated as

Bs
E x,t! = K � + E

Bx �-25!

where s = s/s, and x = x/L, L being the length of the estuary.
the dispersion coefficient applicable to a completely mix d

the dimensions of a dispersion coefficient  L /t!; it is assumed to
be independent of x and t and to depend upon the degree of stratifi-
cation which exists in the estuary. To demonstrate the basis
this assumption, the salinity distributions corresponding to three
of the AS steady state salinity intrusion tests were studied.
longitudinal salinity distribution data was depth and time-averaged
over a tidal period as shown in Figure 3.5, The analysis was per
formed b cons di ering the steady-state, time-averaged equation

EXA ds
ds
dx

dx �-26!

which can be integrated once and solved fo E t i

�-27!

Figures 3.6a, b and c s
an c show the distribution with distanc~x/L, of the quantities� and K where by assuming E

K canbe e x
a Xexpressed in terms of

o Equations 3-27 and 3-25 as

where 3s/Bx = 0 or to the fresh water tidal region upstream of the
98limit of salinity intrusion. 'Ae term K �, accounts for the additioml
~X

dispersion in the salinity intrusion region, The parameter K has



i,O

0.9

0.8

0.7

0.

0.30.2O,I

x/L

Figure 3.5

0,6
S

Sp
0.5

Steady-State, Longitudinal Salinity Distribution
 Depth Averaged and Time-Averaged over a Tidal

period! for Three Fresh Water Flow Rates



 .' !
l ft/sec!

2

K  ft /sec!
2

0.50.

x/L

<ai

z~ fft /sec! 2
K haft /aec!

0 4 0 5

vs z/L

iee 3.6  a aag b!



Oct IV C 4

n
0

Cfl

4 9
W

0 J V
X

Il Cl
W

hC 60
'Q
C
td

-61-

a V g
44

R 5
4l

O
N

~ g tX EVeI

Y
A

8
o ~
4J C
Il N

4I

W g 4J
g 0 a
CJ V Cf

4J
0



K= uL o

' l: �::!' �-28!

Figure 3.6 shows that the assumption that the parameter K i<
a constant is well supported in the interior regions of the estuary-
flume. The abrupt increase in both Z a"d K near the entrance isTA

a consequence of the time-averaged, steady-state assumption of Equa-
tion 3-26 which requires that the dispersion coefficient increase
so that the integrated form

us~E TA da
f dx

is satisfied as � -+ 0 and s ~ s at the ocean. When oneds

dx 0

K  x,t! ~ 77nuR�$/6

�- 29!

where u x,t! and R  x,t! are the velocity and hydraulic radius at
location x and time t .

The formulation of Equation 3-25 permits a dynamic cal.cul a-
-62-

considers the tidal-time equations, the dispersion coefficient is
not under this requirement and the formulation of Equation 3-2S
will allow the dispersion coefi'icient to become less near the ocean
which corresponds to the physical condition of a more mixed condition-

The final term of Equation 3-25, E, the dispersion coeffi-
cient applicable in completely mixed or fresh water regions of the
estuary, can be described in terms of the section geometry and
velocit'y written as Equation 2-16 by Harleman �966! . In this study
Equation 2-15 is assumed to apply for the unsteady tidal flow
situation and is



tion of E x,t! which applies to the entire estuary, in both the

partially and completely mixed regions .

3.4,3 U stream Boundar Condition

There are two possible boundary conditions at the upstream

end of the estuary. One could specify that the salinity be zero,

 or near-zero! or one co~ld specify that there be no flux of salt

across the upstream boundary . Both are valid boundary conditions,

however the specification of salt flux is the more general in as

much as it permits the study of closed end estuaries where the

salinity actually reaches the end of the estuary. However in many

cases, including those studies in this investigation, the salinity

intrusion is well downstream of the upstream end,

This boundary condition can also be viewed as a free boundary

condition, as the point of zero salt flux in the upstream direction

is time-varying and is, in fact, part of the solution. Such boundary

conditions can lead to complications in numerical models, however it

was found that as long as the upstream boundary was specified far

enough upstream so that is was out of the intrusion zone during the

period of study, its exact location was not important. This finding

becomes useful in saving computer time because one need not perform

the calculations on that part of the estuary which is upstrea~ of

the saline region . In cases of doubt one should specify the upstream

end of the estuary as the boundary location .

The upstream boundary condition can now be stated: At the

upstream boundary there is no flux of salt across the boundary.

-63-



This boundary condit ion is dave� ' 'pc ~ ' ~ns i~e ring a dis
cretized element of the estuary at the lo;at i;n of the boundary so~
making a mass balance using f in i t e di f f e r en c e r c p r c s en t a t iona of t}Ie
quantities involved. Ia this manner the constraint of no flux of

salt across the boundary is incorporated int the mass balance and
thereby into the finite difference equatiori resulting from
balance.

3.4.4 Ocean Bounds Treatment

3.4.4a Introduction

Ideally one vould like to have a schematization vhich per-
mitted a study of the estuary from its upstream end to a poiat so
far at sea that the boundary salinity could be specified once and f<t
all as t ethe oceaa salinity, s . Unfortunately such situations are Mt0

possible in a one-dimensional study as the ocean is not representabls
in one dimension,

%en the cthe ocean-estuary connection is that of a»«~ en
suddenly o enin ip g i to the oceaa as ia Pigure 3-7a
the ocean can not be

e part of the one-dimensionaliz«es
schematization of points

p ' s beyond the eatr ance itself i ouid
rigorously possible. In th'

t is case the physical bounda y
definable h ut this does not simplify the defiaitio<

'tbo undary conditio' n. the ebb flov the salinity at t"e evill reflect t he upstream condi
con tioas aad vhea the f 1 osalinity vi] I ~diatel be

y ec~ ocean salinity but wi



the ocean salinity in a manner depending upon the longshore currents.

One can expect a significant variation in salini.ty over the tidal

cycle at the ocean entrance in estuaries of this configuration .

In contrast to the estuary described in Fi.gure 3.7a i.s the con-

figuration shown in Figure 3.7b wherein the estuary gradually widens

as it reaches the ocean. In such a case the definition of the ocean boun-

dary location will result from practical considerations of schematiza-

tion. The variations of salinity during the tidal cycle will depend not

only upon the complicated currents but also upon the actual location

which has been specified. If it is possible to carry out the schematiza-

tion sufficiently far downstream, the variation in salinity throughout

the tidal cycle will be small. The salinity at the ocean entrance can not

be constant throughout the tidal period because the fresh water must

leave the estuary during some portion of the tidal period and at this

time the average salinity of the boundary cross-section will be

decreased.

As this study treats the variation in salinity wi.thin the tidal

cycle, the boundary treatment must apply for all times during the tidal

cycle. An approach is taken which divides the tidal cycle in two parts

according to the direction of flow at the ocean entrance and applies a

different boundary treatment for each of the two parts. This division is

made possible by the fact that the numerical model calculates the dis-

charge at the ocean end of the estuary, thus providing the necessary

criterion for applying either boundary condition .

3.4.4b Formulation Durin Flood Flow    o t! ! 0

The salinity at the ocean boundary during flood flow is
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d b pecifying it equal to the o ean s,<linity, sapproximate y spe
0

the seasona varia ol riation of ocean salinity is

salinity can e specli 't can be specified as a function of time s
0

cycle to tidal cycle.

s o,t! = s  T! for g o,t! > 0

T~ l,2,3,

where T is the number of Tidal Cycles.

3.4.4c Formulation Durin Ebb Flow    o t! < 0!

Although it is possible to approximate the salinity at the

ocean boundary by the ocean salinity during f1ood flow, during ebb

flow a different means of continuing the solution must be employed.
The approximation used is described in terms of the finite difference

representation of the estuary, specifically in terms of making con-
tinuous mass balances at the most seaward element.

To perform these mass balances, the advective and dispersi"
flux must b e evaluated during each time step at each boundary of
seaward element. With reference to Figure 3.g one sees that during
a particular time sstep the total flux on the upstream s«t~o"
of the element can be evaluated as

 s +s !
Q2 2 - HA

2 2 24x
ln ordn order to write the total f

bee ota flux at the downstream secti
advective flux can be written 8

t n ol, but the evaluationpersive flux can not b xp
e expressed i in terms of a difference repsentation of t he salinity gradient

ent centered on the section.



Directio

3 4 5

BsFlux at Section l: Qlsl ElA1
x

3sFlux at Section 2: Q2s2 � E2A2
x

s = �  s +s!
1

2 2
where

Bsl 53 � sl
2Ax

and
Bs 3s
Bx Bx

Figure 3,8
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Section number  salinity at odd stations!

Ocean Boundary Approximation
During Ebb Flow



orner to con inud t c tinue the finite difference

at sect>on number 1 is approximated by us in'

evaluated at section number 2.
Bx e tot Ji ' ]ux

section  No. l.! is then approximated by

3 1ql 1 1 1
24x

With the flux on each side of the element specified, a mass balance
a  As!is made by setting the change in salt during each t ime step,

s . ' y, can not change to s instantaneouslys . Physicall it c
0for this change a line, a near interpolatioa in tins'- i«mp y

to bring the salinit fro
y rom its value at the end of

ocean salinity value, s . Thisue, s . This ineeypaueion is applied o"
transition period of oneo o one tveatieth of a tidal cycle.

3,4 .4d Descri tion of ~ined Ocean Bouada
Treatme~tAs the calculation proc

pr«eeds in time the discharge aocean enntrance is conti nuousl if it reverses
~ i N '

equal to the net flux. As the mass balance is vr it ten in terms of

the salinities at section 1 and 3 at the beginning and at the end
of the time step, it provides the necessary boundary equation in
terms of the unknown saliaities at the end of each t ime step-

3his approximatioa allovs the solution of the impli«t
finite dia te difference equations to coatinue duriag the period of ebb
flow,

At thehe end of that portion of the tidal cycle cor responding
to ebb flaw th e salinity vill be belov that of



In this man~er the appropriate flood flow or ebb flow boundary

treatment is applied. Figure 3.9 shows, in graphic form, the various

aspects of this boundary treatment throughout a typical tidal. cycle.

3.4.4e S ecial Provisions for Boundaries Taken U stream

of the Ocean

In some cases it may not be possible to treat the estuary by

schematizing it all the way to the ocean. In such a case when the

boundary locati.on is specified upstream, the assumption of longshore

currents sweeping away the diluted water is no longer applicable.

Following low water slack there will be a more gradual increase of

salinity to its maximum value at high water slack.

In order to provide for such a condition the procedure used

to bring the salinity from its low water slack value to its maximum

value is extended over a longer period of time depending upon the

particular location of the boundary with respect to the ocean. For

a location far from the ocean this might be as much as 2/5 of a tidal

period. This would mean that the salinity from low water slack to

low water slack plus 2/5T is specified by a linear interpolation

between the low water slack and maximum salinity values.

3.4.5 Initial Conditions

It is required that an initial salinity distribution be

specifi.ed at time t = 0. If the particular application is one

wherein the ocean tidal amplitude and the fresh water discharge are

fixed then a quasi steady stace study is defin.ed and the calculations

will lead to a convergent solution for an arbitrary initial salinity

-69-
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1.01.0
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0

Possible Initial Salinity Distributions
for Quasi Steady-State Studies

Figure 3.l0

distribution. For such cases convergence may require as many as

50 to 200 tidal cycles, consequently it is worthwhile to make a

reasonable estimate of the salini.ty distribution in order to reduce

computing expense. Figure 3.10 shows possible initial distributions

for quasi steady state studies.

A transient study is one in which the conditions of ocean

tidal elevation and fresh water discharge vary over many tidal

cycles throughout the period of study. It is assumed that for such

a study the user will have a good approximation of the initial

salinity distribution.



The E uat ion pf State Relatin Dens i tv to Sal in it v

relationship can be used which is:

p 0.75s + l000

where s is salinity in parts per thousand and o is in kg/m
�-30!
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The relationship between density and salinity
iar

relationship of physical oceanography. Knudsen �90],! deve],oped

tables relating density to salinity, temperature, and pressure
The

empirically derived formulae are described in detai] by p'ofonoff

�962!, however for the purpose of estuary studies a much sim luc s mp



Iy. The Relationshi, between 3is ersion Coefficient and Stratification

4,1 Introduction

previous studies such as those discussed in sections 2.4 and

2.5 have shown that the dispersion coefficient is related to the

degree of stratification in the estuary, In this chapter the disper-

sion parameter K of Equation 3-25 is studied in terms of its rela-

tionship to the degree of strati.fication. The study consists of

finding a convenient means of defining stratification in terms of

gross estuary parameters. By applying the numerical model to cases

for which quasi steady-state salinity distribution data exists, the

relationship between the dispersion parameter K and the degree of

stratification is developed,

4,2 Stratification

To compare the degree of vertical stratification corresponding

to different conditions in an estuary one can plot the vertical

salinity distribution for a specific location. Such plots were made

by Ippen and Harleman �961! for several W.E.S. salinity flume tests

at station 40  x/L = 0.12! corresponding to the conditions existing

at approximately one quarter of a tidal cycle after time of high water

the ocean basin. Figure 4.1 shows these vertical salinity distri-

butions for four different tests, The parameters varied during these

tests we.re the fresh water di.scharge and the tidal amplitude as

shown in the legend. It is of interest to note that Test ll and

10 both have the highest fresh water discharge, yet in terms oof

stratification the increased tidal action of Test 10 has ca~sed the
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Figure 4.1
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Vertical Salinity Profiles Showing
Di f f e rent Degrees of Strat if i cat ion

 from Ippen and Barleman, l96l!



vertical salinity structure to be almost the same as that of Test 16

which had the lowest fresh water discharge and the smallest tidal

amplitude. The G/J values indicated for each prof i le correspond to

a particular definition of stratification which will be discussed in

the following paragraphs.

Tvo factors determine the degree of stratification. One is

the tendency to stratify or form two distinct layers. This tendency

increases as the density difference between the two fluids increases

and also as their relative proportions become more equal. Acting

against this is the turbulent mixing generated by the tidal motion

which tends to reduce the density difference or stratification.

Experiments made at H.I.T, in earlier studies were concerned with

defining stratification in terms of gross estuary parameters. Salin-

ity distribution data were obtained from a flume with fresh water

entering at one end and a constant  ocean! salinity at the other end.

Mixing was accomplished by means of oscillating screens.  Ippen et al,

1960.! The relationship of stratifying tendencies to destratifying

mixing was described by a stratification number  G/J! and defined

previously in Chapter 2 as:

G rate of ener dissi ation er unit mass of fluid

J rate of potential energy gain per unit mass of fluid

�-5 !

G was defined in terms of the energy input by the oscillating screens.

In defining J the following was used  Harleman et al, 1961!;



gain at locat on x',I tion 'x' but is the total gain f

the fresh water end, seaward to location x, divided hi the fi~
~dlength, L. In other words the 'term d has been approximated b�

'x which is a reasonable approximat ion onl> as x approachI

When applied to a particular estuary of fixed h and L, Equation 4-l

becomes simply a proportional relationship:

�-2!J ~su

After conducting steady state experiments with varying

degrees of stratification, a correlation vas found  Figure 4-2!

between 9' x!/D x!  the ratio of the local apparent dif fvsion coeffi-

cient to the constant density or tvrbulent dif fusion coefficient!

and the local stratification number, G/J x! .

Taking a more rigorous formulation of the ra«of g

potential energy per unit mass of fluid, J x! can t'e

J x! =- dx �-3!

For constant de th this expression can be written ' it

b they e proportional relationship;

J x! ~� ds
d <4-4!

This lattertter proportionalit y supports the assumption
sion coefficient is pro orti

ti l t the local salinity g
discussed in ChChapter 3. A si if Ii! x!s gn ficant correlation

-76-

Yz >g h
J g! 8 f L �-l!

Vg

where y is the specific weight of flui ',
It is important to not to not that thi is not
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md G/J x! with J x! defined by equat ion 4 � 3 is i] - evident as

shown by Frgure 4.3.

app]ying this G/J ratio to cases of os c: 11 at ing tidal

motion the G/J parameter has been used in a f o rm ap p I i cable to tbe
entire estuary. In this case J x! becomes J, which when defined by

o

equation 4-2, represents an average rate of energy gain for the en-
tire estuary.

Ippen and Harleman �96l! used the G /J number as a means
0 o

of correlating the results of the M.K.S. salinity flume tests with
their dispersion parameters E and 8.AS

0
IWS

E tET and G /J is shown in Figure 4 .4 .o T o o

The corre 1 at ion between

Al though th i s correlation

shows promise as a means of finding the val.ue of a singIe parameter

to onl one estuary and can not be extrapolated to others.
Despite the success in correlating E !p. for the M.E.S.

0series of tests the~ th« /J number is not a convenient parameter «
to the difficult in ey n evaluating the rate of energy diss
Recognizing this, Harl

PTIF 2 r eman and Abraham  ]966! developed anot
parameter ~ which th'c t ey cal.le estuary numbet
easily evaluated in termse in terms of available quantities; p
P sm ~ IF the Froude numberri e n er T

e n er at the ocean entranc q the «es"e~dischar eg, and T the tidal period.a period. They found  Figure 4 ~ >!this arP ameter correlated ve wele very well against J , a fact which is na~~prising if oneone considers th f
e ollowing,:

Let G be given by the e r
e expression  II riem n F l4.lo, 19

such asas E in terms of gross estuary parameters, Figure 4.4 pertains
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3
gu

G
C h

�-5!

For J as defined by 4-l
0

G L
J h2 ~A

P

�-6!

fl-od Qdt
Qflood

where Q is the average flood discharge, and
flood

2
2 0

o gh

where u is the maximum tidal velocity at the ocean entrance, then0

P P
2

0

0 T

2
u

flood o
u

�-7!

As this correlation was made for the W.E.S. flume data with

constant h, constant L, and almost the same � , and as u is notAp

P flood

can be expected.

The Estuary Number including the density effects is used in

this study as a measure of stratification based on the following two
reasons:

-81-

very different from u , the maximum tidal velocity, it is seen that
0 3

u
expressions 4-6 and 4-7 are both approximately proportional to . Con«-

fquent'y the very good correlation of E vs. G/J shown in Figure 4.5
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I! It can be shown to be a measure of the ratio of sta-

bilizing or stratifying effects to unstabilizing or

mixing effects.

2! It is composed of available quantities which can be

evaluated from the boundary conditions, the geometry

and some knowledge of the tidal hydraulics.

This number is defined as:

p ]F
T D

D gfT
�-g!

where P is the tidal prism defined as the volume of water entering
T

on the flood tide.
u

F is the densimetric Froude number,
o wherein u

gh- dp o

is the maximum flood velocity at the entrance and hp is the change

in density over the entire length of the estuary.

4.3 Relation of Dis ersion Parameter K to Stratification

4. 3.1 Introduction

K /E and G /J . In this study the dispersion coefficient isI WS
0 T 0 0

expressed in terms of a parameter K times the abso1ute value of the

local, non-dimensional, longitudinal salinity gradient,

E xt! =K ~ +E
Bs
Bx

�-25!

Although the ~ will reflect changes in stratification toBs

Bx

Previous studies have shown that the dispersion coefficient

is dependent upon the degree of stratification. For example, in the

W-E.S. series, Figure 4,4 shows a definite correlation between



some extent, it is expected that it will also show a correlation

to stratification.

In order to define a relationship between K and strati-

fication, the numerical model was run for several quasi steady-

state conditions for which data was available, The K values

which best fit the salinity data were determined and the corre-

sponding estuary numbers K were evaluated.D

4.3.2 Anal sis of Waterwa s Ex eriment Station Salinit

Flume Data

A rectangular flume 327 feet long, 0.75 feet wide and

with a mean depth of 0.5 feet was used for the W.E.S. salinity

experiments. This study has considered five of the twenty

tests reported by Ippen and Harleman �961!. These five tests

all have the same roughness, but have different conditions of

fresh water discharge and tidal amplitude. All tests were

run until a quasi steady-state was obtained with a tidal period

of 600 seconds. Table 4.1 presents the basic characteristics

for these five tests. The procedure for determining K was as

follows:

1! Using the quasi steady-state version of the numerical

mode' developed in this s.udy, the tidal hydraulics of the salinity

flume were verified using a Manning's n equal to 0.020. This

corresponds to the value determined in the original salinity flume



SUMMARY OF BASIC CHARACTERISTICS
W.E.S. TESTS

Tidal Period: 600 seconds

Manning's 'n'  Roughness!: 0.020

Length 327 feet, Width 0.75 feet, Mean Depth 0.5 feet

TABLE 4,1
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study for those tests with side wall roughness. F gFi ure 4.6

shows this verification in terms of surface elevations ~

2! The best values of the dispersion paramete~ K «re

aljnitv distri-determined by computing the quasi steady-state sa»n

bntion corresponding to each of the K values select ed. The

quasi steady-state distribution is defined in term of' the

numerical calculations as that distribution which, undunde r conditions

of constant fresh water discharge and repeating tida»mpl am litude,

is the same as the distribution obtained in the previous tus tidal

cycle, any small difference being less than a tolerable error.

En this case the allowable error was specified as 0.02 Ppt ~

The nuamzically determined salinity distributions  Figures 4 ~ 7a-e!

were then compared with data obtained by integrating the two-
dimensional salinity distribution data over the depth

specific times during the tidal cycle. The sum of the absolute

values of the residual errors between the experimental, depth
averaged data and the corresponding numerical results were s~

for each K value and the K value corresponding to the smallest
sum of these residual.s was chosen as the best K value for
particular test. Figure 4.8 illustrates the results of this
procedure for the five teats studied,

4..3.3 Anal sis of Rotterdam Waterwa under Constant

Stigter and Siemons �967!, in making their- numerical



L 327 feet

0,5

x! L

Example of Surface Elevation Verification  W.E.S. 14!

Figure 4.6



T = 600 seconds

s/so 0.5

0,5

x/L

K = 0.3S ft /seeS ~ 25.6 ppt0

I 0

s/so 0 0.5
1/T

Salinitf Verification for gfS Test 2

Figure 4.7a
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T 600 seconds
I.O

s/so Q.5 x/1 K 0.25 ft /sec
2

s = 264ppt
0

327 ft.
I.Q

s/SO 0.5 Salinity Verification for WES Test 11
Figure 4.7b
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s/s 0.5

05

z/L

S = 29.2 ppt0

IO

s/so 0 0.5
I/T

salinit rification for 4,pS e� tb
figure 4.7c

-90-



'1' 600 seconds

lO

s/sO 0 5

x/L

K = 0.20 ft /sec
2

s = 29.7 ppt

L = 327 ft

i.O

s/s0 0.5 SaJ.inity Ver if ication for 'w'ES Test. 14
}:ignore 4. 7d
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ggo seconds

0,5

x/L

K ~ O.l ft /sec
2

s ~ 26.8 ppt0

0.5
t/T

Salinity Verification t'or WES Test 10

Figure 4. 7e
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1.8

1
I.

a

IX 0.

sec

Determination of Best K Values
for WES Steady State Tests

Figure 4.8



 Section 2.5! have schematized the Rotterdam Waterway as a closed

end estuary of constant width and rectangular cross-section. The

exact dimensions were chosen to yield a close representation of

the prototype tidal conditions for the 24th of June,

Stigter and Siemons worked with salinity data on the 24th «»ne>

Harleman and Abraham have reported that data on the 26th w~~d

be more representative of a steady-state salinity condition

period- ln this study, it is assumed that the tidal data «

Hook of Holland on the 24th of June is approximately the same as t>~<

two days later, and that this data can be considered the ocean

boundary condition at the end of the breakwater 2.7 km downstream-

Figure 4.9 is a plan of the estuary, Figure 4,10 gives tidal elevm-

tions at the ocean as a function of time. The basic parameters «

schematization are listed in Tabl.e 4.2. The resulting quasi ates<3

state High Water Slack and Low Water Slack salinity distributions
2are shown for values of K equal to 2000, 3000, and 4000 f t 7sec

Figure 4.11. These distributions correspond to a convergence

successive distributions to within 0.02 ppt. The comparison

these curves to data given by Harleman and Abraham indicates that
2K ~ 3000 ft /sec is reasonable if one does not weigh the ocean va1.~em

of Low Mater Slack asack as much as the salinity values of the interior
estuary re ion. The ur oy g ~ purpose of this analysis is to get an approxi�
mate value of K; it is recocognized that the same precision obtainmh L~
with laboratory data can not be expected f rom rield measurements
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NORTH SEA

f. ROTTERDAM WATER WA Y

2. NET' MAAS

3. OLO MAAS

Plag, og Rotterdam Waterway
 from Stigter and Siemons, 1967!

Figure 4.9
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Table 4.2

Basic Parameters for

Rotterdam Waterwa Stud

 From Harleman and Abraham, 1965. Prof ile II,
26th of 3une 1956 of their Table III.!

 From Stigter and Siemons, 1967, their length
was 95 . 94 km. 2 . 7 km have been added to carry
the schematization from the Hook of Holland to
the end of the breakwater.!
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Width

Depth

Fresh Water Discharge

Length

Chezy coefficient

Tidal period

407.5 meters

13.0 meters

960 m /sec
3

98.64 km.

65 m /sec
1/2

44,700 seconds
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Normalization of Dis ersion Parameter and Relationshi to

The objective in normalizing the Dispersion Parameter,

finding a re 1st ionship to Estuary Number is to f ind such a

relationship which provides not only a good correlation for a

par'ticular estuary, but also a means of evaluating the dispersion

parameter f or es tuaries without any recourse to f ield data for that

estuary, It is desired to f ind a correlation which removes K as

the only parameter needing experimental data for its determination.

is important at this point to reemphasize the fact that

K, the dispersion parameter in

0

E x t! = K � +E
Bs

�-25!

is not the dispersion coefficient itself, It becomes an approxima-

tion of the dispersion coefficient, E x,t!, only when multiplied by

the non-dimensional salinity gradient,  Assuming E small with
T

respect to E x,t.! ! . Consequently any change in salinity gradient

due to a change in fresh water discharge or in tidal velocities is

immediately incorporated into a change in the dispersion coefficient

by the nature of expression 3-25. This fact has made it easier to

find a correlation than for cases such as the study of Harleman and

LWS
Abraham, in which the maximum dispersion coefficient E was being

correlated.

To normalize the dispersion parameter K it waswas first

attempted to divide it by the well-mixed dispersion coefficient,

� 99-



EA �   u s dAo ~ e
ax JA

�-2O!

one can see that in a distorted model  narrow cross-section! the

velocity anomalities u" will be much greater than for an undistorted

model  very wide cross-section!, Because of this dimensional

sensitivity, the well � mixed dispersion coefficient, E , is notT'

suitable as a normalizing parameter for relating estuaries of

different dimensions.

A more obvious means of non-dimensionalizing K is shown by

as calculated using u the maximum flood velocity. This type of
r O

normalization has been used in Figure 4.4 for the W. E. S. tests and

in Figure 4. 12 by Ippen �966!, He shows that when both flume-sized

estuaries and real estuaries are plotted together a distinct scale

ef fect is evidenced. This has also resulted in this study as shown

by Figure 4. 13 where the five W. E. S. tests and the Rot terdam Water-

way values of K/E have been plotted against denaimetric estuary
T

number Z

This lack o f correlation for estuaries of model and prototype

dimensions can be explained by considering the f act that the wid'th

to depth ratio of model estuaries is distorted with respect to «eal

estuaries so that the dispersion coefficient without considering

salinity effects is proportionally much greater in the distorted

model than in the prototype. Bar leman �9 71! has demonstrated this

on a dimensional basis.

Defining dispersion coef ficient as in Equation 3-20,
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 from !ppen, 1966!

Figure 4.12
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considering the expression for K derived in Chapter 3 for the time-

averaged, steady-state condition. For a constant area or var'iable

area estuary this is

0
s

K= uL �-28!

where

Q~
u

f A

Therefore

9

'" H
appears as a non-dimensional representation of K in terms of the

ratio of two non-dimensional quantities which pertain only to the

salinity distribution itself. The simi.lar form in tidal time would

be where u is the maximum flood velocity at the entrance toK
u L o

0
the estuary. This form of non-dimensional dispersion parameter can

also be shown to result from a non-dimensionalizing of the governing

salt balance equation.

K
A plot of vs. IE , where L is the estuary length and uuL ' D' 0

0
is the maximum flood velocity, is presented in Figure 4.14 for the

results of the five W.K.S. studies and for the Rotterdam Waterway

study of this investigation. Although this plot is for constant-

width estuaries i.t shows a correlation between estuaries whose

lengths differ by a factor of l000 and over considerable variation



O O Gl
O
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within the W,H.S. tests themselves. Based on these results, ' was
0

taken as the normalized dispersion parameter and further studies of

variable-area estuaries were conducted both on a quasi steady-state

and transient basis. The quasi steady-state studies have added

other points to the curve which now extends over two full orders of

magnitude in terms of the abscissa. This final correlation is

presented in Chapter VI as Figure 6,28.
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V. The Finite Difference Scheme

5.1 Entroduction

The governing partial differential equations defining the

unsteady salinity intrusion for variable area estuaries as set forth

in Chapter 3 are not generally solvable by analytic methods. A

solution, in terms of a finite difference representation of the

equations, is developed. Such a solution is approximate by nature

and is subject to possible errors which, if not detected and under-

stood, could render the solution useless. The solution of the finite

difference model is executed by digital computer and it is important

to select a finite difference scheme which permits an efficient

solution in terms of computer time.

The major part of this chapter will be devoted to the

development of an accurate finite difference scheme for the solution

of the salt balance equation. First, the finite difference repre-

sentation of the tidal hydraulics will be presented essentially in

the form of Harleman and Lee �969!, but with the addition of a

term in the momentum equation representing the effect of the longi-

tudinal density gradient,

5.2 Finite Difference Tidal H draulics E uations

The continuity equation

Bh 3Qb � + � � q=0
Bt Bx

is represented in finite differences in the manner of Harleman and

Lee �969!,
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The instantaneous water surface elevation abo thon a ove the reference

datum. h, can be writ ten as

h=z +d+n
0 �-l!

"here 1 is the instantaneous surface elevatio ' h

reference water level, z + d;0 1

Bh Bn
at at �-2!

This pe"'t Equation 3-2 to be written in term

an B0b � + �  i = 0
at ax �-3!

The modificar.ion of the momentum equation including the effect of

the density gradient is

ao B0 au ah Ad c ap nIn 
at ax ax ax

+ u ~ + Q � + g � A + g � � + g ~ = 0 �-9!
p ax 2

This equation will also be written in terms of the two dependent

variables 0 and Q by employing the relationship of Equat ion 5-l

dby pl g by~.  A= A !. Epa dig o obt ia  jA!
A' core ax

BQ ~2 ~CC  Ol BA o ad an c ap QQI+ 0A Bx [AI ax Bx ax ax p Bx AC R�

�-4!

Eli   inating � by means of the continuity equation 5-3 and dividingBQ
ax

by A,

�-5!

l ~a ~2 ~2b an
A at 2 q 2 at

A A

dc ap gQ Q 
A C R

az
+ g + � + � +n BA o Bd an

�3 ax ax ax ax



2;
Harleman and Lee sh~ 3 ~xthat the

A

the form o f the momentum equation

t. t'HTl   dn he neglected
eaviu!!

-'.� '! + g --' � '- + g LL .
ax! : ax 2 2 * 0

C g

32
1 !g Q2 ~2b n+ g + ++ , q - 2 a, ax ~xA 3t

 s-e!

Continuit K uation  vith reference tc .'igure 5 ~ lc!

n n

2hx
 s-!!

2ht

""e« Qt ibex = lateral inflow betveen sections j+} and J

mentum E uation  vith reference ta ri pure

hn ! 2At

n-1

f jnite difference equations are def ined an a staggered grid

1 gure 5, ].a, The c on t in u i t y e q u a t i a n is e xp licitly so] vg

first from time step n to time step n+ using values of Q at time

step n+1. This yields values of n at t ime step n+2. The momenttm

equat}on is then solved explicitly fram t ime step n+l to time step

n+3 using the values of q at time step n~'. !n this manner a

solution is advanced in time .

Bi letting time step n represent the middle of the time

interval for both the continuity equation 5-3 and the momentum

equatiOn 5-6 the f inite dif ferenCe equat ' OnS are written:



0+2

n+ I

5.1a Staggered Mesh in Space and Time

n+I

j+I

De f in it ion o f St ag ger ed Mesh

Figure 5.1
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5. lb Staggered Explicit
Molecule for 0

5,1c Staggered Explicit
Molecule for n



2bn n-1
l 2

 d. 1- d.
2hx

~+1 ~1 ~c' '+1 n, � n. !  d!. [P, - P.

2ht
+ g

n 2hx
P.

j

l n+1 n-1
�-8!

n

The Chezy coefficient is written in terms of the Manning's rough-

ness n.
3

1.19 t< >c] i �-9!

The wind stress term introduced at the end of Equation 5-8 is

8 w a
j

V. cos $ i V cos

where,

wind shear stress coefficient = 0.0026

air density

water density

absolute wind speed at section j

P

angle of wind to longitudinal axis of estuary at

section j
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For storage schematization  Figure 3,2b!;

n

n

[b ] +2d +q 1+q
core j

[d],=2 [d +2 n+ +n.l]

For a trapezoidal schematization  Figure 3,2c!:

.=[+.[j o j j j 2 3+1 j-1

+ [b ] j [d-+2j 2 j o j j 2 j+1 j-1

[9, �b wb !
core total

[d ]. �-12!
b

core

where

1
b = �  b + b !, and S is the slope.

core 2 o total

5 .3 . inite Difference Salt Balance E uation

5. 3.1 Sim lified Form of Salt Balance E uation

The application of numerical methods to the partial differ-

ential equation 3-21  salt balance equation! including its variable



2
� +V � = D~ac ac a c
a~ a» =

�-13}

where V is the velocity and D the diffusion  or dispersion! coeffi-

cient, and c x,t! is the concentration of the substance being

studied.

5.3,2 Stone and Brian's Method for a Minimum-Error

Finite-Difference Scheme

Stone and Brian �963! have considered an arbitrary six point

scheme constructed by means of weighting factors and applicable to

ac acthe � and � terms of Equation 5-13. Figure 5.2 shows how the
Bt ax

weiphting coefficients are assigned. The weighting coefficients

8'b y d y g y and m are subject to the conditions

a i- � +b+d= 14
2

g+ � +m= 1e
2

� � 14}

-112-

coefficients and non-linear representation of the dispersion coeffi-

«ent is far too complicated to yield results in terms of criteria

of consistency, stability and convergence. It is common practice

consider a simpli,fied version of the governing equation in order

to appl} techniques which permit an evaluation of the finite-differ-

ence scheme. The simplified form of the salt balance equation is

obtained by considering a constant area, constant velocity and

constant dispersion coefficient representation of equation 3-21

which reduces it to the linear convective-diffusion equation written

with c x,t! as the dependent variable.



Arb itrarily Weighted
Six-poin t Comput at ional Molecule

Figure 5.2

Six--point Computational Molecuie
»1th Two Degrees of Freedom

Figure 5.3
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An arbitrary form of the convective transport equation in difference

form can then be written

� c + g c. - c. + m c. � c. +

 hx!
2

�-15!

.2
0 c

where the Crank-Nicholson �947! representati on of the � term is
2

Bx

employed.

For appropriate boundary conditions the solution to the

convective-diffusion equation �-13! can be written. in terms of a

Fourier series by

ED 2 2
-w x Dtu x t! = ! A e sin wz  x � Vt!

w
w=l

�-16!

J-l
n r nu. = g A p sin ww  j Ax - V!nest!W

w=l
�-17!

Stone and Brian have found the expressions for the decay factor: and

velocity factor 4 which correspond to the generalized six point

dif ference Equation 5-15. The determination of the optimum combina-

-114-

The solution to the finite-difference analog of Equation 5-13 can also

be written in terms of s Fourier series as



tion of weighting coefficients is the next step in their analysis.

The criterion that p ~ 1 as D ~ 0 requires that c = � a d and2'

9m = 2 which leave the remaining degrees of freedom e , and e. The

computational molecule becomes that shown in Figure 5.3. At this

point the velocity factor $ and decay factor p are considered as

functions af the wave angle wvAx for different values of B =
VAt

Ax

1curves for 6 = � showing the velocity factor as a function of wave
3

angle indicates a good representati,an in the lower frequency range,

whereas the curve for 9 = 0 indicates a poor representation. The

-ai

0 II Nl I 3t
0 ~02
0

0 ~~ I ~ ~ Ll Ra
a ~

a! Velocity factors
for 8 = O.l

c! Harmonic decay for
1/2 and0=0

b! Velocity factars
for 8 = 0.3

Curves far 6 = 2/3 and 1/2 correspond ta 9 = 1/3.
The curve for 8 = 0 corresponds to E = 1/2.
S VAt

Ax

Velocity and Decay Factors
 from Stone and Brian, 1963!

Figure 5.4
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Figure 5.4 shows some of the results which have permitted Stone and

Brian ta discriminate between combinations of e and 0, The two



comparison of different schemes in terms of their velocity and decay

factor provides a rational basis for the selection of the best scheme.

This corn,"arison is, in fact, a measure of the convergence of the

scheme,

Further investigation into the nature of a finite difference

scheme, can be achieved by evaluating its truncation error, c . This

truncation error is defined as in Richtmeyer and Morton �967! as

the difference between the partial differential equation and the

finite dif ference equation. It is evaluated by taking a solution to

the partial differential equation and expanding it in a Taylor series

and then substituting into the difference equation. By expanding a

solution, c. of 5-13 about the point n, j of the difference scheme

1 1where the time. levels are given as n + � and n � �, the truncation2 2'

error is  for 6 = � !
1
2

222433832!
J

= - bt!
2

T

3c V 3c D 3c
3 3 4

2 6 3 3 12 4
3t3x 3x 3x

 b.x!
2

�-18!Higher Order Terms

Tne truncation error of 5-18 shows that the scheme is consistent

because as dx and ht go to zero, c goes to zero. It also points

out that the Stone and Brian scheme is a second order scheme as its

2 2
terms are proportional to  Ax! and  ht! . Finally, it is noted that
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Q 2c
there is no numerical dispersion term or term proportional to . Some

Bx
2'

previous investigations have used first order schemes which contained

numerical dispersion. Such numerical dispersion is easily evaluated

by finding the truncatio~ error, t . The truncation error is ex-
B2c 3 c

2

pressed in terms of and other terms, the coefficient of the�
2 . 2

Bx ax

being the numerical dispersion coef ficient.

ln apalying the finite difference scheme values of 6 =�I2
1

and 9 = � were used as recommended by Stone and Brian.
3

5 . 3, 3 Const:ruction of the Finite Difference E uation

Two approaches are possible in the construction of the finite

difference equation. One approach is to take each term in the P.D.E.

and to write the partial derivatives according to the scheme decided

upon. Then the variable coefficients of these derivatives and the

other terms must be written. At this point there are usually

alternative wavs in which each coefficient or non-derivative quantity

can be written, and the best way of writing these quantities is not

always obvious. In the case of a mass balance equation,  e.g. the

salt balance equation 3 � 2l ! another approach is that of considering

a mass balance on an elemental volume of the schematized system being

studied. Thus, as the original partial differential equation should

be obtained as Ax and At go to zero, it becomes a valid representa-

tion. The advantage is that in evaluating the change in flux and

in storage, the variable coefficients [A, E, Q] are represented in

a rational manner.

Although the first approach was followed in deriving the
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finite difference equations for the tidal nydraulics, the second

approach is taken for the finite difference equation for the salt

balance,

Following the indications of Stone and Brian, the weighting

coefficients corresponding to the six point computational molecule

are:

ld =�
4

a= � =-b
2

The time derivative weighting coef ficients are taken as

g+e= 1.

thus allowing the user of the model to vary the value of 8.  In this

1 2studv 9 = � and g = � were used.!
3 3

Net salt advected Net salt dispersed
into the volume + into the volume
during time 2ht during time 2ht

Increase in salt
during time 2ht

�-19!

The increase in salt mass during time 2At can be. expressed as

that present at time 2n+1 less that present at time 2n-1:

-118-

The finite difference equation is derived by performing a

mass balance over an elemental volume  defined by the distance loca-

tions 2m-1 and 2m+1! and considering conditions at time 2n as def ined

by the average of conditions at time Zn+I and 2n-1 if necessarv. The

alternating grid and schematic control volume are shown in Figure 5-5.

The origin of the longitudinal axis, x, is taken at the ocean with

the positive sense upstream.



a!

x = 0 at ocean, increasing towards upstream end

2m-I 2 Ill

b! Plan View Showin Control Volume

Sketch for Difference Formulation of the Salt Balance Equation

Figure 5.5
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Increase in salt
during t ime 2bt

�-20!

The net salt advected into the elemental volume during time

2bt is given b.- that advected in across boundary 2m-1 less that

advected out across boundary 2m+1.

  2n+1
2n ~2m+2 2bt

�-21!

The net salt dispersed into the control volume during time 2bt is

similarl; expressed as that dispersed in across boundarv 2m-l less

that dispersed out across boundary 2m+1.

26t

�-22!

-120-

Piet salt advected
into the volume

during time 2bt

Net salt dispersed
into the volume
during time 2bt

 As! + g  As! + --  As ! 2 + 2t' x2n+1 Zn+1 9 2n+1

0 2n-1 2r2-I 9 2n-. 1 As! + g  As! q � '  As ! 2bx
2m-2 2m 2 2m+2

2n j 2n+1 2n+1 2 -1 2n-liS + s � s2m-1 2m 2m-2 2m 2m-2 J
2 2bx

i 2n+1 2n+1 2n-1 2n- I
2n [ 2m+2 2m 2m+2 2m
2m+1 2bx



Substituting the expressions 5-20, 5-21, and 5-22 into Equation 5-].9,

then solving for the salini ties at time 2n+1 in terms of those at
2

time Zn-1 and multiplying by � -, one obtains:

Ax 2n+1 2n 2m-1
 EA!

At Zm-2 2m-1 Ax
Zn+1

s Zm-2

Ax Zn+1 2n 2n 2m-1 2m+1 EA!  EA!

2m 2m-1 2m+1 Ax Ax
2n+1

s 2m

2n+1 Ax 2n+1 Zn 2m+1
 EA!

2m+2 At 2m+2 2m+I Ax

2n-1 Ax 2n-1 2n
 ZA! 2m-1

2m-2 At 2m-2 Zm-I Ax

2n-1 Ax 2n-1 2n 2rr
 EA!  EA!2m � 1 2m+1

s 4g � A +Q -Q +2m At 2m 2m-1 2m+1 Ax Ax

2n-1 Ax 2n-1 2n 2m+1
 EA!

2xrt2 At 2m+2 2m+1 Ax

�-23!

Equation 5 � 23, when applied to all control volumes centered

about interior salinity points, establishes the interior set of

simultaneous equations which when combined with the boundarr equations

will permit a solution to proceed in irrcrements of ZAt ~

5.3.4 Boundary E uations

5. 3.4a

In the previous section the finite difference equat.ion for
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an interior elemental volume was developed in terms of a mass

balance on that volume. The discretization of the estuary is a

series of these elemental volumes and for each interior elemental

volume there is an equation of the form 5-23. The compatibility

condition is that the flux across the boundary of each interior

elemental volume be identical to the flux across the corresponding

boundary o f the adj oining volume. Viol ation of this compatibility

condition would create or destroy mass, Inspection of tlie expressions

5-21 and 5-22 show that for the interior elements this compatibility

condition is satisfied. This condition will be used in order to

correctly formulate the boundary equations as shown in the next

sections,

5.3.4b

Figure 5.6 shows the representation of the estuary near the

section at which the boundary condition of zero flux of salt is

established. An elemental volume, one-half the length of. the

inter'ior volumes, is considered and a mass balance performed. The

advective flux across section 2m-1 into the final volume can be

written:

2n

With reference to Equation 5-21, it is seen that this is the same

advective flux formulated across 2m-1 in terms of the volume centered

2m-2, The dispera.' ve flux into the f inal volume is also compatible
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2m -2 2m-I 2m

Schematic Representation of the
Upstream Boundary

Figure $.6

-123-



with the adjoining element when written'.

2n 2n+1 2n+1 2n-1 2n-
 EA! s - s s � s

2m-1 2m 2m 2 2m 2IB-
+

2 2Ax 2Ax

To express the change in salt by storage, an evaluation

similar to that of Equation 5-20 must be made. The quantity, As>

applicable to the fi~al volume will be evaluated at sections 2m and

2m � 2 and the weighting factors will be chosen as � � � ! and � so6 6
2 2

as to compliment the coefficients coming from the equations of the

adjqining volumes,

Increase in salt 6  ~
n+I + � 6  A 2n+1
during time 2At 2 2m-2 2 2m

6 2n-1 6 2n-1
�  As! + � � � ! As!
2 2m-2 2 2m

Ax

�-24!

Eouating the increase in salt to the flux across section Zm-1 and

2
multiplving by � !ields the boundary equation.At�

Ax 2n+1 2n
 EA! "

2m-1� A � Q +
A t 2m-2 2m-I Ax

2n+1
s 2m 2

2n+l 6! Ax A2n+1 2n 2m-1 EA! "

2m At 2m 2m-1 Ax

" A2n ' + Q'" +  ~
n +
At 2m-2 2m-I 2m-1

2n-1
2m 2
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  !"
2n-1 � 9! hx A2n-l + q2n
2m At 2m 2m-l Ax

�-25!

5, 3,4c Ocean Boundary

As described in sectio~ 3.4,4, treatment of the ocean boundary

is divided into two parts depending upon the direction of flow. In

tbe case of flood flow, the ocean salinity is specified at the boun-

dar> and this specification can be incorporated into the set of

simultaneous equations as an additional equation of the form

2n+l
s = s

1 o
�-26!

The last interior elemental volume centered at section 3  Figure 5.7!

can be treated in the normal fashion as the specification of the

boundary salinity is all that is necessary for evaluation of its

corresponding difference equation.

In treating the case of ebb flow a computational half

element is considered as shown in Figure 5.8. By an argument similar

to that for the upstream boundary condition, the weighting factors

9 9 l - � ! and � are used at stations 1 and 3 respectivelv in evaluating
2 2

the time rate of change of As. Then

Increase in salt I 6! .As! 2n+I 9   
n+l11 - �  As + �  As! Ax
during time 2At 2 1 2 3

9 2n-I 9 2n-I I l � � ! As! + �  As! JJ �-27!
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Schematic Representation of Ocean Boundary
Flood F l.ow

Figure 5. 7

Scb erat ic Repre sent at ion o f Oc Bcean oundary
Ebb Flow

Figure 5.S

� 126-



The advective flux across section 1 is written

2n
Advective Flux in = Q

2n+1 2n-1
s +

�-28!

where Q can be obtained by continuity as2n
1

2n 2n hx 2n+1 2n-1 2n+1 2n-1Q + � b � q +b1 2 4At core> 1 1 core 2 2

�-29!
andz = �  z +n !1

2 2 1 3

�-30!

The dispersive flux across section 1 is approximated by

2n+1 2n+1 2n-1 2n-x
3 1 3 1

+
2hx 2AxDispersive Flux in

�-31!

and the dispersive flux across section 2 is

 EA!
Dispersive Flux out 2

2n+1 2n+1

3 1

�-32!

Combining these relations in the form of a mass balance results in the

ocean boundary equation for downstream flow.

The advective flux across section 2 is

2
2n 1

Advcctive Flux out = Q 2


n
1

2

2n-1 2n-1

3 1
2dx



 EA! �  EA!
2n+1

s

2n

2n+1 g hx A2 +1 +
 EA! -  EA!

3 ht 3 2 hx

 EA! -  EA!
� 9! hx A2n-1 + 2Q2n Q2n + 1 2

ht 1 1 2 hx
2n-l.

1

2n-1 hx 2n-1 2n
 EA! �  EA!

1 2

3 ht 3 2 hx

�-33!

5. 3.5 Re resentation of the Dis ersion Coefficient

E x,t! = K � o + E
3s

3x
�- 25!

ET x,t! = 11 n u R5/6 �- 29'

The above t~o equations serve to define the di.spersion coef fi-

Bs
cient for the salt balance equation. The �, term introduces a non-

3x

linearity if introduced directly and consequently it is evaluated at

the previous time step. The "u" of Equation 3-26 is defined hy

Q x,t!/A  x,t! and the hydraulic radius R is calculated by
core

Equation 5-11 or 5-12 depending on the type of schematization.

5. 3.6 Solution of Simultaneous Linear E uations
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The simultaneous, linear equations resulting from the applica-

tion of the implicit finite difference molecules form a tri-diagonal

set of equations. The solution of such equations is commonplace in the

field of numerical methods. Usually the solution is performed as an



adaptation of the Gauss elimination procedure consisting of a forward

pass which reduces he tri-diagonal matrix to a matrix with unity on

the diagonal and single upper diagonal. Back substitution is then

performed. The bookkeeping is reduced to enable rapid solution by

digital computer and only the three diagonals are treated during the

process. Further details can be fo~nd in many texts and publications,

for example. Car nahan, Luther and Wilkes, 1969; Richtmeyer and ~orton,

1967, and Ames, 1969.

5.4 Choice of hx and ht

This criteria is

c Ax
u+ c

�-34!

where u is the average cross-sectional velocity and c is the wave

speed, vgh, at the same l.ocation. This is the Courant criteria for

stability of explicit schemes and is an approximate measure as the

non � linear aspect of the equations is not accounted for in Equation

5-34.

The choice of Ax should be based upon the necessity of detail

for a particular application in the case of real estuaries. The

definition of the toe of the salinity distribution is a useful aid

in determining a Ax which is not too large. This is a trial and error

procedure wherein one examines the degree to which the salinity

The requirements imposed on possible values of hx and ht are

most severe in the case of the solution. of the continuity equation and

the conservation of momentum equation.



oscillates about the asymptote   usually s = 0! . A smaller Ax will

reduce the oscillation, a larger Ax will allow it to be greater. Once

Ax is chosen Equation 5-34 will give an approximate criteria for ht.
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VI. Schematization of Real Estuaries Verification of Tidal

Hydraulics and Determination of Dis ersion Parameter under

Steady State Conditions

6.1 Introduction

A longitudinal dispersion relationship of the form
O

3s
E x,t! = K � + E T

�-1!

-1 31-

was developed in Chapter II I, experimental salinity distribution

data from laboratory tidal channels was used in Chapter IV to verify

this relationship and to show that the dimensionless dispersion

parameter K/u I, was a function of the degree of stratification as
o

measured by the estuary number  Figure 4.14! . The objectives of

this chapter are to show that this di.spersion relationship is valid

in real estuaries and to provide additional information on the

correlation of the dimensionless dispersion parameter and the estuary

number under the condition. o f quasi steady salinity intrusion. The

validity of the numerical model as a predictive tool under transient

conditions will be demonstrated in Chapter VII.

Three east coast estuaries, the Delaware, Potomac and Hudson

were chosen for this phase of the study. These estuaries were

chosen because of the availability of salinity distributio~ data

which might reasonably be assumed to be representative of ste~dy-

state conditions. In. addition., the treatment of the downstream

boundary condition, which is appreciably different in these

estuaries, is representative of the range of boundary effects found



in the majority of estuarine problems.

6 ~ 2 Steady-State Concepts for Real Estuaries

A truly quasi-steady-state salinity distribution probably

never exists in an actual estuary. The assumption of such a steady-

state condition implies that the tidal range at the ocean end is

cons tant f rom one tidal period to the next and that the rate and

distribution of all fresh water inflows to the estuary is also

constant. It must also be assumed that the period of time during

which tides and inf iowa are constant is long enough to allow the

salinity distribution to stabilize to a quasi-steady condition from

an antecedent transient condition.

Historically, steady-state mathematical models were among the

first tools available for studying estuaries. Consequently there

was a need to find or approximate a steady-state in nature in order

to apply these tools to real situations. In this study the quasi

steady-state condition permits a determination of the dispersion

parameter K for a corresponding condition of stratification as

measured by the estuary number, K . The validity of the K values
D

determined will depend upon the degree of approximation inherent

in the steady-state assumption for a given estuary.

6. 3 The Delaware Estua

6 . 3.l Geometr and Schematization

The general shape of the Delaware Estuary is shown in Figure

6.l. The region being studied is defined by the head of tide  a

closed end! at Trenton and by the natural ocean entrance at the



Qi Trenton

Chris Ocean
No. 1

H e~lapen

Plan of Delavare Estuary
Figure 6.1
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two capes, Cape May to the north and Cape Hen! open to the south. The

ocean boundary is well defined in this case. A schematization. has

been performed based on the "Tab!e of the Accumulated Mid-tide Vol-

U ~ S. Army Corps of Engineers �951!, Data Source Reference l.

Storage is not included in this schematization and the resulting

schematized cross-sections are of the form shown in Figure 3.2b with

Figure 6.2  a,b,c! show the variations in width,b b
total core'

-134-

b , and depth, d as well as a comparison of the resulting cross-
core'

sectional areas used in the computer program to the data source.

The schematization has been extended to 70 sections as shown

in Table 6.1. The first section is at the ocean boundary where x = 0.

The length of the estuary is 693,475 feet �31.34 statute miles! from

the first section at the ocean to the last section at the head of

tide. An interval of discretization of about 1.9 miles or bx = 10,050

feet was established. Some of the cross-sections were interpolated

from intervals of 3.4 miles, therefore the accuracy in terms of the

geometric detail is only good to this larger interval.

The choice of bt is based on considerations of stability as

defined by Equation 5- 34. Applying this relationship for an assumed

cross-sectional velocity of 2 ft/sec and a wave velocity, c = ~gh for

h = 41 feet, gives bt < 262 seconds. This value was considered an

upper bound and a smaller value of At = 178. 85 seconds was taken

corresponding to a division of the tidal period of 44,712 seconds into

250 increments.
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1The mean water level increases about 13 feet from the capes

to Trenton, however this change was not included in the schematization

as a change in datum. The approximation implied by this procedure is

a deepening of the cross-section equal to the difference between local

mean water level and mean water level at the ocean entrance. As the

water depth is considerably more than this difference, no significant

error is involved.

6.3.2 Verification of the Tidal H draulics

Although a detailed verification of a simil.ar schematization

was given by Harleman and l.ee �969! it is necessary to repeat the

veri.fication because the schematization for this study is carried to

the ocean entrance and because the effect of the density gradient is

included in the momentum equation, The resistance coefficient,

Manning's n, becomes the controlling variable for achieving verifica-

tion as has been shown by Harleman and Lee. The values of Manning's n

used in this study are shown in Figure 6.3.

The U, S, Army Corps of Engineers ' Mean Tide Curves �948!,

Data Source Reference 2, provide verification of surface elevation

data throughout the tidal period for several stations and includes

the phase relation between stations. Figure 6.5 shows the verifica-

tion obtained using the Manning's n relation of Figure 6. 3 and the

salinity distribution shown in Figure 6.4. Comparison with the Mean

Tide Curves i.s made at Ship John, Marcus Hook, and at Torresdale.

Figure 6.5 a! shows the tidal elevation at the ocean entrance which

serves as the boundary condition, n  O,t! for the quasi steady-state
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verification of the tidal hydrau1ics. For the upstream stations the

predicted elevations lag those from the >Mean Tide Curves by ,02 to
.05 of a tidal period at Ship John and at marcus Hook, increasing to

,05 to ,07 of a ti dal period at Torresdale, the lag near high water

being the larger of the two. The computed tidal range at the three

stations is in excellent agreement at Ship John and Torresdale and

differs by about 5/ at Marcus Hook. The predicted water surface

elevations are generally higher than the verification data. In terms

of mean water level, the predicted values are about 2 inches high at

Ship John, 4 inches high at Harcus Hook and 6 inches high at Torresdale.
In general the verification is satisfactory.

No attempt has been made to compare discharge or velocity

measurements because of the difficulty in obtaining data which

corresponds to the cross-sectional average velocity.

6.3.3 uasi Stead -State Salinity Distribution Studies

Slack Water salinity distribution. data is presented in the

Delaware River Aodel Study No, 2 �954!, Data Source Reference 3,

for several different steady conditions of fresh water inflow. This

data is actual steady-state data, inasmuch as it was obtained by a

repeating ocean tidal amplitude and constant fresh water inflows

the model. This study has used the data corresponding to three

different fresh water discharges; 5000 cfs, 10,600 cfs and 16,475 cfs-

These fresh water di.scharges correspond to inf lowe downstream as far

«and including the Schuylkill river. Other discharges further



downstream were included in the steady-state study. These were

1,100 cfs at the Chrisrina River, 450 cfs at the Salem River, 725

«s at the Cohansey River and 1,450 cfs at the Maurice River. These

downstream tributaries were considered secondary in their effect on

the salinity profile and were held at these values during the steady-

state calculations.

The numerical model can easily furnish slack water salinity

values because it produces discharges and salinities throughout the

tidal period, In this study the high water slack salinities have

been chosen for verification purposes. The high water slack salinities

are obtained during the numerical computation as follows: at the end

of each tidal period the discharge at each station is reviewed to

determine the time increment corresponding to the change from flood

flow to ebb flow. The salinity at this time in the t idal period is

selected as the high water slack salinity.

By comparing the high water slack salinities calculated by

the numerical model with those measured in the Delaware model it is

possible to find the value of the dispersion parameter K correspon-

ding to each condition of fresh water discharge. Two procedures

were used to find the K values.

The first procedure was to assume a value of K and a good

approximation for an initial salinity distribution. The numerical

model was run until the salinity distributions in two successive

tidal cycles were within a tolerable error. Although this procedure

was satisfactory in studying the constant width estuaries of the
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W,E,S. flume and the Rotterdam Waterway, it was found in the Delaware

Study that. a convergence to about 0.04 ppt was not a good indication

of a steady state because the convergence was very slow. In the

W.E.S. studies a tolerance of 0,02 ppt could be reached with only

two to three tidal periods of calculation after a 0.04 ppt was

reached. For the Delaware such a convergence would require thirty

to forty tidal cycles. During these additional tidal cycles of

computation the salinity distribut.ion would change significantly.

In an effort to find a more sensitive means of determining

the quasi steady condit f.on a second procedure was developed which

resulted in a substantial saving in computer time.

This procedure starts the quasi steady state calculations

with the final desired salinity distribution as the initial condi-

tion. Then, for a particular value of the dispersion parameter, K,

the calculation is made for about ten tidal periods. The movement

of the toe of the high water slack salinity distribution is determined

using the last five tidal cycles. This is done for several values

of K and the movement of the toe is plotted for each K. Such a plot

will determine the value of the dispersion parameter K which holds

the toe of the high water slack salinity distribution steady, thus

defining the K for that steady-state condition. The reason for

choosing the toe of the distribution is that salinity data near the

mouth of the estuary was not available.

Figure 6.6 shows the determination of the best K values

for the three conditions of fresh water discharge. To show that
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convergence is the result of a sufficient number of tidal cycles a

run of 60 tidal cycles was made starting from an initial condition

which was a linear salinity distribution. Figure 6.7 shows the

resulting convergence,

The high water slack salinity distribution after 30 cycles

of calculation has a tolerance of 0.07 ppt which means that the

previous cycle's �9th cycle's! salinity values differed from this

cycle's values by a maximum of 0.07 ppt. Thirty more tida1 cycles

of calculation produce a significant change in the high water slack

distribution as evidenced by the curve for 60 cycles. The maximum

difference in salinity between successive cycles, is now reduced to

0.02 ppt which shows that convergence is taking place.

It should be noted that in the studies of real. estuaries,

the dispersion coefficient relationship was assumed to be
D

E xt! = K �, +3E
Hs

Bx T
�-2!

cally due to increased damping,
' ~n

2
T 0

The calculation of the estuary number, IK = T is pa«
f

-145-

The multiplication of E by a factor of three results in an increase
T

in E x,t! which is significant only in the fresh water region. The

3ustification for this modification is based on the range of possible

values for the dispersion coefficient in the fresh water region

suggested by Holley, et al �970! and also by the demonstration by

Lee �970! that the factor of three will have a relatively insigni-

ficant effect, The additional dispersion is of some benefit numeri-
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of tne n
numerical calr u.'ations and proceeds as fo].lowows.

p , the tidal prism is defined as the total 1
T' o a vo ume of

water e
tne flood tide. It is calcul t dcuae

discharge at the entrance.
'pv nvme

uo def ined by the maximum velocity at th
D

y a e

>gh

h depth at the ent rance and the max' ~ g

toe ocean or downstream end of the estua y.

staggered finite-difference sc

f rom the ocean or sea ard

that same locatio are used

talc vlat ion .

Qf h

ft.
PT

u.ft

u
I 0

't sec

9.03 x 10 ' ~. 0410 , 409
I

. 409

67.4
>,000 P. 02137

379,02 x 10
10 ! 0J

31.7
10,600

16,47'

0.0'1

9.00 x 10 I .0410
yp 40,071 I .408

3! g is th~. f rest water discharge and is taken to be the

sum of all fresh %=:-.r discharges upstream of the salinity intrusion

region. In the case of the Delaware it is the sum of the inflow at

Irenton an" the discharge of t he Schuylki ll River,

4! T is the durati n of the tidal period in seconds, and

is taken to be 44, 71' seconds for' the Delaware study.

For the three condit ions of f resh water discharge, gf,

ka«meters defining the estuary number IF are0



The dimensionless dispersion parameters K/u L which correspond to

the K values shown in Figure 6. 6 are based on the above u values
0

and the total l.ength L = 693,475 feet.

8.18 x 10

1.1.5 x 10

115810,600

16,475 1632

The values of the dimensionless dispersion parameter K/u L
0

and the corresponding estuary numbers IE are plotted in Figure 6.28.

They are in good agreement with the previous results from the W.E.S.

and Rotterdam studies.

6.4 The Potomac Estuary

6.4.1 Geometr and Schematization

Figure 6.8 shows the general plan of the Potomac from the

head of tide at Chain Bridge, a few miles above Washington, D.C.,

downstream to its confluence with Chesapeake Bay � a distance of about

114 statute miles. The irregular form of the Potomac is further

complicated by embayments which represent a considerable volume of

storage, about 10K of the entire accumulated volume from Chain

Br i dge t o th e Ch e sap cake .

Jaworski and Clark have compiled data on the geometry of

the Potomac in a form which is especially adaptable to mathematical

modeling  Data Source Reference 4! . Table 6.2 and 6. 3, taken from

the data developed by Jaworski and Clark, form the basis for the

-148-



POTOMAC ESTUARY
 from Data Source Reference 4!

Figure 6. 8
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Average
Depth
in ft

Average
Width
in ft

Length
in ft

 from Chain Bridge!

Segment
Numb e r

559 24. 714,890

20.01, 302

2,092

2 >677

2,911

2, 708

3,739

4,227

10,665

9,187 10.8

10.59,504

8, 396

11,404

13.2

13,2

12.213,992

11,300 13.2

20.03, 386

5,695

13,516

10,085 13. 210

18. 54,118

6,086

8,053

12,368

8,732

10,799

16,950

15,475

8,856

13,186

10,371

17,406

24,757

30,397

20,830

27,043

26,846

44,342

13,570

24,129 1.7. 012

15.515, 312

14,732

22,387

13

12.114

20.515

17.921, 85916

13.722,123

25,291

17

14. 218

20. 328,354

24,816

27,614

32,103

33,739

19

15.320

22. 321

20. 722

18. 823

31,152

28,934

20.224

1.8. 35

42, 1.35

31,416

25.026

33.027

51,163 27.4

Table 6.2
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Segment Geometry of Potomac Estuary
Excluding Embayments  Mean Water Data!

 from Jaworski and Clark, Data Source Reference 4!



Embavment Data for Potomac Fstuarv  Nean Water Data!
 from Jaworski and Clark, Data Source Reference 4!

Volume

ft x 10

Location

 Hiles below
Chain Bridge!

Hame Average
Depth

ft

4.65 � 5.760. 16

Tidal Basin

Washingt on Channel

Anacostia River

Four Nile  Hunter Pt

0.4610.40
5. 81

l. 9824.45

5.5615.45

0. 79! 12. 45

9. 400xon Creek  Upper!

Oxon Greek  Lower!

1. 28

l. 719. 35

Hunting Creek

Broad Creek

Piscataway Creek

Little Hunting Creek

Dogue Creek

Gunston Creek

Pomonkey Creek

Be lmont Bav

0. 713. 35

0. 704. 30

4.20 l. 53

0.143. 10

4.05 0. 72

3.275.00

0,353.95

3. 334. 80

Occoquan Bay
8.635.80

0.542. 80

6.568.80

0.792. 70

0. 843.70
40. 75

0. 362. 67
41. 64 � 42. 44

46.89 � 48,40

49 .20 � 49 . 70

58.1S � 59.20

62.00 � 63. 80

0.214. 65

4.654.60

2.763.58

3.55

11.066.75

Table 6. 3
 to be continued!
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Columbia Island Channel 6.40

Powells Creek

Mattawoman Creek

Quantico Creek

Chicamuxen Creek

Chopawamsic Creek

Mallows Bay

Aquia Creek

Potomac Creek

Nanjemoy Creek

Port Tobacco River

7. 60 � S. 20

7. 60 - 8. 20

8. 79 � 9 ~ 70

10, 55 - 12. 13

12. 13 � 13. 57

12. 13 � 13. 50

14. 90 � 15. 92

18. 11 � 18. 6 3

19. 90 � 20. 33

21. 85 � 22. 80

24, 02 - 25. 42

26.73 - 27.10

31.45 � 34.09

31. 45 � 34. 09

34. 79 � 35. 92

34. 13 - 35. 60

38. 10 � 38. 55

36.91. � 37. 75



Volume
3 8

ft K 10

Average

Depth
fr.

Name

4. 165. 80

0.553. 80

0.472. 80

75. 900. 703. 80

3.605.80

79. 150. 231.85

38.62

15.25

9.92

9.90

13.409.90

8.576. 80

7.277.85

96.100.884.80

4.455.75

33.5111. 75

9. 396.63

3. 777. 75

6.636.60

113.00l. 346.60

Table 6.3
 continued!

Upper Machodoc Creek

Rosier Creek

Cuckold Creek

Monroe Creek

Mattox Creek

Popes Creek

Wicomico River

St. Clement Bay

Breton Bay

Nomini Bay

Lower Machodoc Creek

Herring Creek

St. Georges Creek

St. '.iary 's River

Yeocomico River

Smith Creek

Coan River

Hull Creek

Location

 Miles below
Chain Bridge!

69.45 � 71.32

72.60 � 73.27

72.00 � 72.21

75.98 � 77.32

80. 52 � 82. 85

86.05 - 88.35

89.36 � 90.20

87.26 � 89.48

91.15 � 93.38

102. 96 � 104. 35

102. 96 � 104. 35

103.80 � 104.65

105.15 � 106.65

107.20 � 109. 00



schematization of the Potomac, The first table defines the estuary

geometry, excluding embayments, for 28 segments of unequal length

 Table 6.2!. This table defines the core width and the depth.

However, the data must be interpolated to equal intervals and it is

necessary to provide a definition of the cross-section at the two ends

of the estuary . This definition was made by using the local U. S. C. &

G AS. charts �01-SC! for the schematization of the cross-sections at

the end locations. A continuous parabolic interpolation was performed

yielding 40 cross-sections at equal intervals of 15481 feet.

At this point the conveyance area or core area of the schema-

tization is defined. It is now necessary to include the embayments

which provide storage, With reference to Figure 3.2b it is seen that

the embayment volume can be schematized into an equivalenf box

of length Ax, depth d' and width b � b . As the length oftotal core'

the equivalent storage volume is given, definition of the depth, d',
is sufficient to determine the equivalent width. Fortunately the

data of Jaworski and Clark includes both embayment volumes and their

average depths. Table 6.3 gives the name, average depth, volume and
location of the signi.ficant embayments. The schematization was

extended to include this data by assigning embayment volumes to

those of the 40 segments whose reaches corresponded to the embayment

locations. The longitudinal distance over which some embayments

extend corresponds to portions of one or more segments. In such

cases the volume assigned i.s proportional to that part of the longi-

tudinal distance corresponding to each segment. The resulting schema-



tized cross-sections are described numerically in Table 6. and

graphically in terms of b, b, d and d ' in Figures 6.9 andcore' total'

The hx for this schematization in LS481.2 feet which

corresponds to a total Length of 603,768 feet �14. 35 miles! from

the first section  x = 0! at the entrance to the last section at

Chain Bridge. The required ht to insure stabs lity of the finite

difference scheme for the tidal hydraulics equations was found to

be bt = 372 seconds for a tidal period T = 44640 seconds �2,4 hours!.

6 .4 .2 Verification of the Tidal H draulics

the absence of data defining the tidal elevations through-

out the tidal cycle for various stations, data from the Tide Tables

 National Ocean Survey, formerly Coast and Geodetic Survey! was

used. This data defines high and low water elevations and times

of high and low water for mean conditions. One of the chief diffi-

culties in using this source of data is in establishing the datums

for the high and low water data. The tide tables refer to the local

datum for the particular station, but do not give any information

on these local datums.

In the study of the Potomac Estuary the variation in mean

water level was neglected as in the case of the Delaware. In

using Tide Table data for verification, it was decided to use only

the range  HW � LW! and the Time Lags in as much as the verification

of High and Low Water planes requires knowledge of the local datums .



Section
no.

b total
feet

b core
feet

Z p
feetfeet

feet
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3
4

lh
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12
1 3
1 4.
1 C

lr
17
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1 9

«0
71

?4
25
2$.
77
ZR
?0
3h
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%4
«fi

«* 7
3R

4;92Chain
Bridge

Potomac Estuary
Schematized Geometry after Including Embayments

Table 6.4
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Figure 6.10



The 1969 Tide Tables were used, the pertinent reference station being

Washington, D.C.

To verify tidal range a mean tide condition was taken with
the range at the entrance 1,4 feet and the range at Washington, D.C.
2 ' 9 feet. The tidal data based on this condition is shown in Table
6-5. The numerical model was run with an average fresh water dis-
charge of 3400 cfs at Chain Bridge and with a the salinity distribu-
tion. as shown in Figure 6.11. The tidal hydraulics are relatively
insensitive to changes in the salinity distribution.

0uasi steady-state studies of the discharge and water sur-

fa« elevations were made using different values and distributions of
~nning's n. The best verification found corresponds to a ~tanning's
»f 0 ' 018. This verification in terms of tidal range and High and
I-ow Water phase lags is presented in Figures 6.12 and 6.13 respec-
tively, The asterisks in these figures represent the verification
data of Table 6.4. The tidal period was taken as 12.4 hours and

time increment, At, was 372 seconds. As the lags are given at
intervals of 2ht the seeming lack of continuity in Figure 6.! 3 can
be attributed to the discretization.

6.4. 3 uasi Steady-State Salinit Distribution ~Stud
To verify the numerical model under quasi steady state

salinity distribution conditions it is desirable to have salinity
data for various stations along the length of the estuary at
frequent intervals of observat.ion. The two sources of data
available consisted of a collection of thirteen surveys made by the

-157�
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Salinity Distribution in Potomac
used for Verification of Tidal Hydraulics

Figure 6.11
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Chesapeake Bay Institute during 1965 and 1966  Data Source Reference 5!

and the Nutrient Transport Study data furnished by the FWPCA covering

the period February 1969 to March 1970  Data Source Reference 6!.

The Chesapeake Bay Institute data is in the form of salinity

measurements at different depths for eleven stations covering the

estuary from its confluence with the Chesapeake to the Arlington

Bridge at Washington . Unfortunately the data was taken at monthly

intervals which is far too large an interval to define a steady-state

condi.tion.

The Nutrient Transport Study data consists of surface

chloride data only, however it was taken at weekly intervals. After

«»ewing the Nutrient Transport Study data, it was decided to take

the period ofay 5 � >iay 27, 1969 as an approximation of a steady � state

period ~ The hydrograph and salinities for this period are shown in

Pig«es 6, 14 and 6.16. An average fresh water discharge of 3960 cfs

calculated as the quasi steady-state fresh water input at Chain

Bridge.  Figure 6,15 shows the determination of an average salinity

at the most downstream station, Piney Point.!

The boundary salinity relationship at the entrance to the

Potomac Estuary is distinct from that of the Delaware in that the

entrance is not at the ocean, but at the confluence of the Potomac

with the Chesapeake Bay � another estuary. The Chesapeake is

decidedly larger and the principal source of fresh water is the
Susquehanna River which has a median discharge at Harrisburg,
Pennsylvania of from 7,000 cfs to 75,000 cfs as compared with the
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Potomac River near Washington, D.C. which has a median discharge

varying from 3,000 cfs to 20,000 cfs, Figure 6.17 gives an idea of

the relative sizes of the two estuaries.

The case of a smaller estuary emptying into a larger estuary

is analogous in several respects to an ocean boundary on the smaller

estuary . The flow in the larger estuary will act in a similar

fashion to the longshore currents which were the basis ror the

development of the ocean boundary condition, Consequently if the

salinity of the larger estuary is known in the vicinity of the

entrance to the smaller, then this salinity can be taken as the

maximum salinity, s , during flood flow. This assumes that the
0

salinity in the larger estuary does not vary appreciably over the

tidal cycle.

By taking the excursion in the Chesapeake during flood

flow as about 8 miles  maximum velocity of about 9/10 kts.! and

referring to the salinity contours of Figure 6.17, one can estimate

that a total variation in salinity of 1 ppt. can be expected during

the flood flow, As this variation is not extreme, the ocean boun-

dary treatment can be employed as a reasonable approximation as

long as the salinity, s , is specified for the flood flow.
0

In this study data on the salinity in the Chesapeake was

not available for the period of time corresponding to the Potomac

salinity survey, In order to use the data which was available for

the Potomac it was necessary to extrapolate the salinity at Piney

Point to the physical boundary of the Potomac Estuary, The maximum
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Plan of Chesapeake Bay
 f rom Stroup and Lynn, 1963!

Figure 6.17
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salinity at the entrance was specified as l7,2 ppt.  9.5 ppt. Chlor-

ides! which is 0.7 ppt. greater than the salinity shown at Piney

Point in Figure 6.15.

Using the technique described in section 6.3.3 for the

2
Delaware, a best K value of 600 ft /sec was determined. The maximum

entrance velocity, u , was calculated to be 0.54 rt/sec and the
0

length of the. estuary from its entrance  x = 0! to Chain Bridge is

603,768 feet. This determines the dimensionless dispersion coeffi-

cient, K/u L, as 1.84 x 10 . The tidal prism, P , was 9.77 x 10 ft-3 9 3

the fresh water discharge, Qf, was 3960 cfs as shown in Figure 6.14,

and the tidal period was taken as 12.4 hours �4640 seconds!. 5p/p

is 0,0129 and the entrance depth is 27.9 feet. thus determining IF
D

as 0.16 and giving a corresponding estuary number E of 1.4. The
D

point defined by these K/u L and IE values is plotted in Figure
0

6.28, it is in good agreement with the previous correlation. Because

of the smaller tidal range in the Potomac, in comparison with the

Delaware, the estuary number is an order of magnitude smalIer. This

is indicative of a more highly stratified condition in the Potomac.

6.5 The Hudson Estuar

6.5 .1 Geometr and Schematization

The Hudson Estuary is characteri.zed as being a narrow,

sometimes deep estuary over much of its length, however it is

complicated and difficult to represent by a one-dimensional

schematization at its lower end. Immediately below the Battery,

the East River joins the Hudson at the northern end of Upper Bay
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 Figure 6.18! and there are connections to the Raritan River. The

Lower Bay, as defined by a line between Sandy Hook and Coney Island,

appears as the ocean end of the estuary.

The Upper and Lower Bays are difficult to schematize to

one-dimensional cross-sections. This problem plus the fact that

the Battery is a Reference Station for tidal elevation data make

the Battery a logical location for the entrance to the estuary as

studied by this one-dimensional technique. Another factor which led

to the establishment of the Battery as the downstream boundary is the

fact that there is a lack of salinity data seaward oi' this location.

The schematization from the Battery to the head of tide at

Troy is based on cross-sections taken from local charts N.O.S.

numbers 369, 746, 282, 283 and 284. Cross-sections were taken at

one mile intervals, thus permitting intervals of discretization of

one mile or larger. For this study a two mile interval  hx! was

used and the assignment of embayment volumes to the corresponding

segments was made on this basis.

A further refineme~t was incorporated in the schematizatio~

technique. With reference to Figure 6.19 it is seen that the shoal
area of some cross-sections extend far from the main channel. In

such cases it is difficult to decide which part of the shoal area

participates in the conveyance area and which part acts as storage.

Shoal areas and widths have been treated separately from the channel
area in this schematization, thereby permitting the user of the

numerical model to assign them as participating in the conveyance
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Sketch Showing Method of
Handling Shoal Areas in Schematization

Figure 6.19
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Figure 3.2 shows that the distancethe vari. able z as follows.
o

from the reference datu~ to the local mean water level is z + d.0

Figure 6.20 shows the local mean water level  MWL! for all locations

and permits the designation of z' as the difference between local

It is now possible to define z as
oNWL and MVL at the Bat.tery.

�-3!z' + 200 � d
0

The numerical definition of the schematization is given in

Table 6.6 and the graphical representation of b, b, d andcore ' total'

d' are given by Figures 6.21 and 6.22, The final Dx used was

10715 feet which was obtained by interpolating the cross-section

data to 76 sections the first being at the Battery and the last at

Troy, The total distance is 152.2 miles  803,616 feet! . The tidal

period was taaen as 44640 seconds, and the ht based on stability

-1 70-

area or as storage in terms of a factor of proportionality, n, This

feature does not make the decisions regarding the shoal areas less

subjective, however it does make it possible to evaluate the sensi-

tivity of the numerical model to changes in u, In this study it

was found that the tidal hydraulics were not very sensitive to a

and therefore a value of 0.5 was assigned.

The datum corresponding to the soundings on the various

charts has been established for this case and is shown in Figure

6.20, This figure also serves to define the high and low water

planes which will be used for verification purposes. By establishing

a reference datum at 200 feet below mean water level at the Battery

the change of datum is incorporated into the schematization through
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considerations was taken so as to divide the tidal period into 200

intervals of A,t ~ 223.2 seconds,

6.5.2 Verification of the Tidal H draulics

A freshwater discharge of 3500 cfs and a salinity distribution

as shown in Figure 6.23 was assumed for the study of the tidal hydraulics.

Various distributions of Hanning's n were tried and the resultant high

and low water planes were compared to those shown in Figure 6.20. The

tidal amplitude corresponding to the conditions at the Battery was 2.25

feet. The best fit to the given high and low water planes was achieved

using a Nanning's n of 0.015 for the entire estuary. The comparison of
calculated water planes to those given in Figure 6.20 is shown in Figure

6,24. The calculated phase lags are compared with those given by the

Tide Tables �969! and this comparison is shown in Figure 6.25.

6.5. 3 uasi Stead State Stud

The summer and fall of 1964 was a period of extended low flow

for the Hudson River. Data corresponding to the end of this period has

been made available from the 1964 KYHA Survey  Data Source Reference 9!.

This period of the KYNA Survey, 10 � 25 5ovember 1964, has been assumed
to be a steady state period. Figure 6.26 shows the fresh water hydrograph
at Green Island  just above Troy! which illustrates the extended period
of low flow. The average tidal range during the KYNA Survey was 5.6

feet at the Battery and mean water level at the Batterv was 0.4 feet

above mean sea level. The average fresh water discharge for this period
calculated to be 3500 cfs  Data Source Reference 10! . The salinitv

distribution of Figure 6.23 defines the high water slack salinities

-175-



I.O

0.6

0.4

0.2

x/L

Salinity Distribution in the Hudson
used for Verification of TidaI Hydraulics

Figure 6.23

-176-

0
0 0.2 0.4 0.6



~Le end

Lou Water
o High Water
L 803,616 feet x L

.3 .4 .5 .6 .j .8 .9 1,000 .1 .2

4.0

3.0

2.0

',fSL
Elevation

 feat!

! Catski 11

Tivoli Troy
LocksThe

Battery

Hudson Estuary
Verificatioo of High and Low Water Planes

Figure 6, 24



~Le nd

x/L

0.0 .1 .2 .3 .4 .5,6 .7 .8 .9 1.0
10.0

9.0

8.0

7.0

6.0

4.0

3.0

2.0

1.0

0.0

The
Battery Tivoli

Hudson Estuary
Verification of Lags of High and Low Water Relative to the Battery

Figure 6.25

-178-

Tine-Hrs .
 Relative! > F 0

s - Low Water
o ~ High Water
L ~ 803,616 feet

Troy
Lo ciks



'0

C ~ OI
W 0 0
0 04
CP IW
IJ g CV
C

4
bIj 0
W

0 44I-I CQ
0 C
0III el

~ I~ .

R

Ol

S j'3 OIVIISAOH i III ND1 j

-179�



resulting from the KYMA study and is taken to be the steady-state dis-

tribution to be verified,

The Hudson Estuary represents a third and different type of

estuary in terms of salinity boundary conditions. With reference to

the plan of Figure 6.18 it is evident that below the tip of Manhattan

 just above the Upper Bay! the estuary is not one-dimensional. The

East River connection to Long island Sound, the Raritan River, and the

geometric configuration of the Lower Bay make the situation highly two-

dimensional.

The location of the downstream boundary at the Battery assures

a good representation of the tidal hydraulics, but requires that the

downstream boundary condition on salini.ty be handled in a manner which

takes into account the fact that the salinity at the entrance increases

gradually during the flood flow. This is the case discussed in section

3.4.4e wherein longshore currents are absent from the boundary. The

boundary salinity during flood flow at the Battery is prescribed by a

ramp function interpolating the salinity from time of low water slack

to time of low water slack plus 2/5 of a tidal period. The maximum

salinity is the high water slack salinity in this case. Figure 6.27

illustrat'es this boundary treatment by comparing the ramp function

specification of � T with that of � T which was used in the case of an2 l
5 20

ocean boundary. The salinity variation being represented was assumed

to be sinusoidal for the purpose of this illustration. This assumption

is roughly justified for the Battery based on data averaged over an

entire year.

The dispersion parameter, K, was determined using the same
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technique described in section 6.3.3 for the Delaware. The resulting

2
value was K = 1685 ft /sec, The maximum entrance velocity was 2.44

ft/sec which determines the dimensionless dispersion parameter, K/u L,
o

-4
as 8.59 x 10 . Other parameters corresponding to this value were

9 3
the tidal pri -n, P = 5.93 x 10 f t; the f resh water discharge,

3
Qf = 3500 ft /sec, the tidal period, T = 44640 sec, the entrance depth,

h = 45.3 feet, and � = .0192. These values determine the densimetric
hp

P

Froude number IF = .461 and the estuary number is IE = 8.1. The7 D t D

point on Figure 6.28 which corresponds to this steady-state study falls

somewhat below the line indicated by the other studies. This difference

may be related to the fact that the seaward boundary was chosen at the

Battery and that the salini.ty on the flood tide is not constant at this

section. There are no continuous measurements of salinity at the Battery

with which to verify the assumption represented in Figure 6-27.
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VII. Ayylir ation of the Numerical Nodel to the prediction of Lon itudinal

Salinit Distributions Under Transient Conditions

7.1 Introduction

The objective of this chapter is to demonsrrate the application

and validity of the numerical model to the prediction of longitudinal

salinity distributions under transient conditions. In a given estuary

transient conditions are usually the result of daily and seasonal varia-

tions in tidal amplitude and fresh water inflow from tributaries. Thus,

the normal condition of an estuary is almost always the transient state

in which the salinity distribution is continually responding to temporal

changes.

One of the difficulties of demonstrating the validity of the

predictive model is the lack of reliable field data. For example,

salinities frequently are measured only at high water slack at various

locations on a daily, weekly or even a monthly basis. It is not uncommon

to find "daily" high water slack salinities recorded vithout reference

to which of the two possible times of high water slack the observations

were made. Since most tides have some diurnal inequality, there can be

a significant variation in the salinity between successive high water

slacks at a fixed station. The estuaries chosen for the transient

salinity intrusion studies are the Delaware, potomac and Hudson. These

vere chosen on the basis of the availability of salinity distribution

data extending over a reasonable number of tidal cycles and because

the geometric schematizations and verifications of the tidal character-

istics had already been carried out in connection with the quasi steady-



state studies presented in Chapter VI ~

7,2

The period 10 � ll August to 4 � 5 October 1932 was selected as
the period of interest for a transient study. The Delaware River Model
Study No. 1  Data Source Reference ll! shows initial and final high water
slack salinity profiles for the surface salinities of the prototype
estuary corresponding to this period. Unfortunately the salinities are
given only as far downstream as Miah Maull Light. Wicker �955! shows
'the ocean salinity at. 32 ppt; this valve is used for the boundary salinity

the incoming flow from the ocean,

The fresh water inputs during this period were made available
thr'ough the U.S. Army Corps of Engineers, Waterways Experiment Station
 Data Source Reference 12!, Fresh water inflow data as a function of
time is given for three locations;

1! at Trenton

2! at the junction of the Schuylkill river, and
3! at the junction of the Christina river.

daily discharge values were interpolated to values at each of 107
tidal cycles covering the period of interest, The three hydrographs

in Figure 7.1. Three other tributaries were assigned constant
flow rates of 82 cfs for the Salem river, 132 cfs for the Cohansey river
and 265 cfs for the Maurice river. These inflows are proportioned with
respect to a representative flow of 3000 cfs just below the Schuylkill
river.

The ocean boundary condition on tidal elevations was taken from
the predicted val,ues shown in the U .S. Coast and Geodetic Survey Tide
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Tables �932!. The ocean surface elevation throughout each tidal period
of 447 2

47l2 seconds was obtained by fitring a cosine curve to the high and
low water values  Figure 7. 2! .

-"or verification of the numerically predicted salinities, this
employed Drawing 0-47, "Salinity Movements, Year '932 ' o the

ban-'tary Mater Board, Commonwealth of pennsylvania  Data Source Refer-
13!- This source of data gives high water slack isochlors for

the su" ~a
su-face chlorinity throughout the entire year 1932. The initial

salinity distribution was taken as that corresponding to the first h'gn
water slack chlorinity distribution for the period of interest-

Raving thus specified the initial condition for salin-ty, a
10 -vc

.ycle lead-in run was made prior to l0 - ll August in order to pro-
initial conditions of warer surface elevation q x,0! and discharge.

Q x>0!. The numerical calculation was performed using the correlation
line sh~n in Figure 6. 28 in order to continually provide a dispersion
parameter which is related to the degree of stratification. At the
end of each tidal period of calculation the estuary number, E
computed. and the dispersion parameter, K, for t.' ~ next tidal period

obtained from the correlation of Figure 6.28 as
1

0.002 u 1  IE !
4

0 9The results of the transient salinity calculation are presented
Figure 7-3. The salinity as a function of time is shown for several

«talons as oscillating curves describing the salinity variation
hr«g»ut each tidal cycle. The non-oscillating curve represents the
high water slack field data as defined by the isochlors of Drawing D-37
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of the Sanitary Water Board. Verification is good for all stations

throughout the entire 107 cycle span.

The field data in this case refer to surface salinities, con-

sequently the numerical model is taking these to be representative of

average salinities over the entire cross-section. Wicker �955! has

described the salinity regime of the Delaware and points out that the

density structure is fairly homogeneous with similar variations in the

salini.ty-depth relationships for different conditions of fresh water

discharge. Under these conditions it is expected that the use of

surface salinities should not introduce any appreciable errors in the

verification process.

The result shown in Figure 7.3 is an example of the use of

the nmnerical model in a completely predictive manner. No ad!ustable

parameters have been used, the only field data is that necessary to

define an initial salinity distribution and the value of the ocean

salinity of 32 ppt.

7.3 The Potomac Estuar

The period 24 � 25 July through 21 August 1969 �4 tidal cycles!

was chosen for the purpose of a transient verification. The fresh water

hydrograph at Chain Bridge shown in Figure 7.4 indicates a period of

strong changes in fresh water input preceded by a period of low flow.

Figure 7.5 shows the salinity data from the Nutrient Transport Study

 Data Source Reference 6! corresponding to this period. lt is difficult

to explain nearly equal values of salinity at the Wicomico River and

Kingcopsico Point on the 1st of August and the salinity at Kingcopsico

-190-
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Point on the 5th of August, consequently some doubt exists as to the

accuracy of the field data at these times and stations.

In order to apply the numerical model to this transient situ-

ation it was assumed that the fresh water hydrograph at Chain Bridge

was the principal source of fresh water and that the salinity data from

Data Source Reference 6 is surface salinity data. Due to these assump-

tions it is expected that the verification of this data will not be as

precise as in the case of the Delaware study. The variation of salinity

frotn surface to bottom is also more pronounced than for the Delaware

which makes the use of surface salinities less accurate in terms of

verificatio~ of the numerical model which computes cross-sectional

average salinities.

As discussed in section 6.4.3, the Potomac is a tributary

estuary of Chesapeake Bay. This requires that the salinity in the
Chesapeake near the entrance of the Potomac be specified in a manner

analogous to the specification of the ocean salinity in the case of
an estuary terminating at the ocean.

As Chesapeake Bay data was not available for this period of
study, the maximum salinity at the entrance of the Potomac was specified
in terms of the salinity data at piney point. In using this data as

a basis for estimating the entrance salinity it is assumed that it

high water slack data. In order to estimate the corresponding salinity
at the entrance, which is about 15 miles downstream, data from anoth~~
source was used. This was data from the Chesapeake Ray Institute

Cruise  Data Source Reference 5! which gave a monthly report on salinity



at several stations including stations at the confluence of the Potomac

and Chesapeake. In using this data, which is depth averaged, the

difference in salinity between that measured at the Chesapeake and

that measured at Piney Point was plotted against fresh water discharge

in the Potomac in order to show that this difference is not a function

of the Potomac discharge. Figure 7.6 illustrates this lack of correla-

tion. The average difference of 0.53 ppt was then added to the Piney

Point values and the result interpolated to each tidal cycle of the

period of study.

An initial condition on the salinity is derived from the

salinity data on or about the 25th of July, and the relationship between

dispersion coefficient K and the Estuary Number is that given by Figure

6.28.

The definition of the tidal elevations at the Chesapeake

boundary was taken from the Tide Tables �969! for this period in terms

of the variatio~ at Washington back-calculated to the Chesapeake boun-

dary as follows.

As the relationship of the datum from Washington to the Chesa-

peake was not known, the following assumpti.on was made in order to

relate the high and low water values given at Washington with maximum

and minimum elevations about the mean water level at the entrance to

the Potomac. The Tide Tables show that the relative heights of high

and low water for stations near the Chesapeake can be obtained by

multiplying the reference station values bv 0.45. This multiplication

will give the high and low water elevations relative to the local datum.
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It is noted that the datum at Washington is I .5 feet below Mean River

Level. The mean range at Washington is 3.0 feet which forms the basis

for the assumption that the datum is 1/2 the mean range below >can

River Level for the estuary. A typical range at the entrance for the

period of interest is 1.7 feet, which gives rise to an approximate

formula for obtaining the maximum and minimum water surface elevations,

and n at the entrance in terms of the high and low water values
min 1Bax

at Washington,

entrance
x 0.45 � 0.65

Washington

entrance
LW x 0.45 � 0.65

Wash ngton

�-2!

The tidal variations in elevation at the entrance to the estuary as

calculated by 7-2 are shown in Table 7.1.

Having thus defined the initial condition on salini.ty, the

time-varying boundary conditions on entrance salinity, entrance tidal

elevations and fresh water discharge, the numerical model is used to

calculate the transient salinity distribution. The resulting salinity

variations are shown in Figure 7.7 together with the verification data

of Figure 7.5. The numerical predictions are a fair representation

of the verification data, the largest deviations occurring at the

Kingcopsico Point and Wicomico River. The data for these locations

shaw inconsistency for the 1st and 5th of August �4th and 23rd of the

cycle! as mentioned previously. The agreement upstream is good, which

indicates that the assumptions concerning the maximum salinity at the



Maximum and Minimum Tidal Elevate.ons
at the Entrance to the Potomac

 Relative to HWL at the Entrance!
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downstream boundary have not affected upstream conditions to any great

extent.

7.4

Data Source Reference 14 contains hi.gh water slack salinity data
 Figure 7.8! which permits the study of transient conditions for the
period 16 - 30 Hay, 1966. The fresh water hydrograph corresponding to
this period was constructed from data of the U. S. Geological Survey
 Data Source Reference 15! and is shown in Figure 7.9. Tidal elevations
a't the Battery as measured by the U. S, C. & G.S, were available and are
shown in Table 7.2. These elevations have been adjusted in accordance
with Figure 6.25 so as to correspond to a seaward boundary at 59th
Street, I'manhattan. The seaward boundary was shifted to this location
in order to coincide with a salinity measurement station established

there.

The salinity measurements at 59th Street, interpolated to each
tidal cycle of the study period, serve to define the maximum entrance
salinity for the salinity boundary condition. As discussed in section
6-5.3, the entrance boundary condition on salinity is treated in a
dif ferent manner in this case due to the upstream location of the
entrance. This treatment is illustrated in Figure 6,27.

Although the steady-state study of the Hudson resulted in a K
value which fell below the correlation of Fig~re 6,28, this original
correlation was used for determining the value of K during the 16�
May 1966 study.

The resulting salinity variations at three stations upstream of
59th Street is shown in Figure 7.1G for the period of study. Tne
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Maximum and Minimum Tidal Elevations
at 59th Street in the Hudson

 Relative to MWL at 59th Street!
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variation at S9th Street is also shown. Compar ison to the verif ication

data of Figure 7.8 is indicated. It is noted that the veri fication data

is in the form of ~dail high water slack salinities and consequently it

is not possible to determine which of the high water slack times corre-

sponds to this data. Consequently the location of these data points in

Figure 7.10 is approximate within about two tidal periods. The compar-

ison shows the predicted salinities to be somewhat higher than the field

data.

For this numerical salinity prediction a tidal period of 12.4

bours was taken, the time increment was 223.2 seconds and the correspon-

ding discretization interval was 10719,1 feet.  about 2 miles!.

7.5 Sensitivit of the Predicted Salinit Distribution to the K/u L

vs. IED Correlation

To test the sensitivity of the predicted transient salinity

distribution to the correlation of K/u L vs. IE , a second run was made
0

using the lower correlation line of Figure 7.11. This line expresses

the relationship as

1

� 0.0015 K
u L

0
�-3!

The resulting sal.inity variations at the stations of interest are shown

in Figure 7.12 vhich when compared with Figure 7.1O show better agreement

with the verification data. The difference between the two predictions

in terms of the high water slack salinity distribution at the end of

the transient period is illustrated in Figure 7.13. In 31 tidal periods

the maxiroum difference is 1.21 ppt or 7X of s0

Although the change in resultant salinity distributions favors
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the use of the modified correlation, the use of the original distri-

bution represents the salinity response adequately. The improvement

gained through the modification is worthwhile in terms of this parti-

cular study, but it is not large enough to put the use of the original

correlation line in doubt.
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VIII. Summar and Conclusions

S.l ~Ob ective

The primary objective of this study is the prediction of the one-
dimensional longitudinal salinity distribution in real estuaries during
transient conditions of fresh water inflow and tidal elevations. The time
scale for the prediction of the longitudinal salinity distribution is small
compared to a tidal period, but greater than that which defines turbulent
fluctuation. Therefore, the salinity distribution is defined at intervals
within each tidal period and throughout successive tidal periods of a
transient study. The prediction of the instantaneous salinity distribution
at discrete intervals throughout each tidal period requires a knowledge of
the tidal hydraulics; therefore, instantaneous water surface elevations and
tidal discharges are predicted concurrently with the salinity.

8 2 ~Summa r

8. 2. l Governin E uat iona

Thc governing equations which describe the one-dimensional longi-
tudinal salinity distribution for an estuary of variable area are:

a! the continuity equation for the fluid,

b! the conservation of momentum equation,
c! the conservation of salt equation  salt balance

equation!, and

d! the equation of state relating salinity and density.

8.2,2 Boundar Conditions

The boundary conditions required to solve the governing equations

are

a! specification of tidal elevations at the ocean entrance
-209-



as a function of time,

b! specification of fresh water inflow at the upstream

boundary, and tributary inflows as functions of time,

c! specification of zero salt flux across the upstream

boundary, and

d! specification of conditions on the salinity at the

downstream entrance of the estuary.

Of the four boundary conditions, the first three are straight forward and

the fourth requires special attention.

The boundary condition on salinity at the ocean entrance has been

treated in two parts according to the direction of flow in the estuary.

During the flood flow this boundary condition is formulated as s O,t! = s
o

where s is the ocean salinity. During the ebb flow the salinity at theo

downstream boundary is determined by a mass balance, in finite difference

terms, at the downstream segment. The Delaware represents this type of

ocean boundary.

For an estuary which is a tributary of a larger estuarine system,

the magnitude of the salinity s entering the tributary estuary on the
0

flood tide is governed by the salinity distribution in the main estuary.

The Potomac above its confluence with Chesapeake Bay and the Hudson above

the Battery are examples of this case.

8.2.3 Lon itudinal Dis ersion Relationshi

Solution of the conservation of salt equation requires the speci-

fication of the longitudinal dispersion coefficient, E x,t!. This disper-

sion coefficient is shown to be related to the local non-dimensional

Bs
salinity gradient, �,, in the salinity intrusion region. A formulation

Bx
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which includes a term applicable to the fresh water region of the estuary

has been adopted.

E x,t! = K � , + 77 n u Q
Bs 5/6
 jx

 8-l!

The constant of proportionality, K, has been related to the degree

of stratification as measured by gross estuarine parameters. A correlation
P FD2

has been found between K/u L and which permits the definition of th
o 9 T

e

f

dispersion parameter K for each period of a transient study. This correla-
tion has been developed using steady-state data for both model studies and

real estuaries, covering a wide range of stratification conditions.

8. 2. 4 Numerical Node 1

8.2.5 Test Cases

Three real estuaries have been st~died using the numerical model ~
They are the Delaware, the potomac, and the Hudson. In each case a study
has been made wherein the prediction of the transient salinity distribution

A finite-difference numerical model consisting of two components

provides the solution to the given equations. The first component consists
of an explicit, staggered finite-difference scheme for solution of the
tidal hydraulics. This scheme was developed in a previous study. The
second component of the numerical model consists of an implicit finite-
dif ference scheme for the solution of the salt balance equation. The

latter is a second order scheme resulting from a minimum error investiga-
tion and does not contain a numerical dispersion term in its truncation
error. The boundary conditions are formulated in appropriate finite

difference form and the two components are coupled through the salinity-

density relationship.



has been compared with available prototype data. This comparison was

especially good in the case of a 107 tidal cycle study of the Delaware

for which daily salinity data was available.

8.3 Conclusions

8.3.3 ~Abtlit to Predict Soli~nit Intrusion

The numerical model described in this study is capable of pre-

dicting the longitudinal salinity intrusion for real estuaries as demon-

strated by the successful prediction of 107 tidal cycles for the Delaware

Estuary. For such a classical estuary, defined from its head of tide to

the ocean, it is only necessary to specify an initial conditon of salinity

and the value of ocean salinity in order to calculate the response to

changes in fresh water discharges arid in tidal amplitudes. The method of

calculation is flexible and can be extended to estuaries of different

geometric configurations and downstream boundaries as evidenced by the

studies on the Hudson and the Potomac. For these cases, whi.ch did not

have a true ocean boundary, additional information on salinity at the

downstream boundary was necessary for the solution.

8.3.2 Considerations of Cost

The calculation is feasible in terms of computer time and memory

requirements. The cost of computation depends upon the number of sections

chosen to represent the estuary and upon the corresponding number of time

increments per tidal period. For the Delaware study the space-time grid

70 x 250 and the cost of computation was about 45C per tidal cycle on

Jgpf 360/65 computer. This implies that a transient sa1ini ty study f or

an entire year would cost about $300 in computer time. When a coarser

space-time grid is used considerable reduction ln cost results. The
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8. 3.3 Com arison with Previous Methods

The prediction of salinity as a function of distance and time by

this method represents a definite advance with respect to previous methods

such as those utilizing the concept of time-averaging over a tidal cycle.

This advance is based on the following considerations.

a.! Previous studies using the time-average approach  such as

Pritchard, 1959! are limited to the particular estuary for which salinity

distribution data has been available in order to back-calculate the time-

TA
average longitudinal dispersion coefficient, K . Such correlations are

valid only for the range of fresh water inf iowa covered by the field data.

In this study the longitudinal dispersion coefficient is assumed

to be proportional  by a factor K! to the local, dimensionless value of

the longitudinal salinity gradient, plus an additional term which repre-

sents the longitudinal dispersion coefficient in the fresh water region.
K

A dimensionless form of the factor of proportionality, � �, has been
o P F 2

� ' lL which
Q T

expresses the degree of stratif ication in an estuary. This correlation

shown to be related to a dimensionless estuary number,

is generally applicable to different estuaries covering a wide range of

geometric and hydraulic conditions. For the laboratory and field cases

studies the estuary number varies by two orders of magnitude. Within
Kthis range the parameter varies only by a factor of 5.

u L
o

Not only does this justify the use of this method over a wide

variation of stratification conditions for a particular estuary  such as

-2 l 3-

Potomac study was made using a 40 x 120 grid and the cost was about 14< per

tidal cycle or about $100 for a year's run. The memory requirement for a

gri.d of 200 x 900 is only 110K-bytes.



those produced by variations in fresh water inflow!, but it makes the

method applicable to studies involving changes in the geometry of an

estuary such as those produced by drecging or other major works. This

method also makes it possible to study estuaries for which no previous

salinity distribution data exists.

b. ! The ef feet of the variation in ocean tidal elevations and

range is incorporated into this method, whereas they are omitted in the

t ime-average-ove r-a-t i dal-cycle method. The changes in tidal amplitude

affect the degree of stratification and therefore the dispersion parameter.

The incorporation of these hydraulic factors into the time varying salinity

predicti.on is essential if the effects on salinity distribution of the

ocean tidal amplitudes are to be represented on either a short term or

a long term basis.

c.! The calculation of the salinity throughout the tidal cycle

makes it possible to present resulting distributions in a variety of ways

according to the need of a particular study. The salinity can be presented

in terms of an instantaneous longitudinal distribution for a particular

time, a time � averaged over a tidal cycle salinity, a high water slack

salinity, or a low water slack salinity.

8.4 Recommendations for Future Work

The numerical model described can be readily combined with numer-

ical models of mass transport of other substances in tidal estuaries. ln

this manner, the dispersion coefficient in the salinity region can be

The concepts used in devel-incorporated into the mass transport study.

oping this numerical model can also be extended to the studv of one-

dimensional estuary networks and to two-dimensional studies in which the
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salinity is averaged over the depth,

There is a great need for data on the time-varying behavior pf rea]

estuaries. In particular, data is needed which defines the two-dimensional

 vertical and longitudinal! circulation and salinity distribution. pith

such data it is hoped that two-dimensional stu.dies will provide a more

rational basis for a formulation of the one-dimensional dispersion cpef fi

cient which incorporates the effects of changing stratification conditions

without recourse to correlation.
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